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Abstract

The Field-wise Objective Function is an important concept in field-
wise wind retrieval. A discussion on the purpose of the field-wise objec-
tive function is presented. Several variations of the field-wise objective
function are compared. The gradient vectors and Hessian matrices are
derived for each variation.

1 An Overview of Field-wise Objective Functions

An objective function is an error metric, providing a scalar value quantifying
the distance between an estimate and the observed measurements. Thus,
the estimate that minimizes the objective function is considered “closest”
to the observed measurements. The well-known “least-squares” problem is
an implementation of a minimized objective function.

In the case of field-wise wind retrieval, the error metric is a function of
the model parameters. A model parameter vector x parameterizes an MxN
wind field w through the linear model w = Fx. An objective function
J(x) measures the difference between the wind field w and the observed
measurements.

A direct error metric between the wind field w and the observed radar
backscatter (0°) is meaningless, because w is not in the 0° measurement
space. To create a metric between w and ¢, they must be transformed into
the same space. As there is no model to transorm ¢° into the wind vector
space, all of the objective functions employ a metric in the ¢° measurement
space.

The Geophysical Model Function (GMF) enables w to be transformed
into the 0° measurement space. The GMF returns the ¢° value that would
result from examining a wind vector under a given set of measurement con-
ditions (i.e., instrument azimuth and incidence angles, 1 and ). The trans-



formation from the wind field space into the ¢° measurement space is called
the forward projection.

To mathematically represent the measurements in a region, let Z be a
three-dimensional array containing the observed values (o°) for each mea-
surement. The first two dimensions index the measurement location (along-
track and cross-track position) of a wind field region. The third dimension
indexes the measurement number in each cell. Thus Z;j is the k" measure-
ment of the 5" cell in the region. (Note that the number of measurements
may vary at each swath location).

To represent the forward projection of one wind vector measurement,
let M(U,% — ¢,0) be the GMF, where ¢ is the wind direction and U is
the wind speed. As x parameterizes every wind vector in the region, the
forward projection of the k** measurement of the i5* cell can be denoted
M (x) where the measurement geometry is implied by &.

1.1 The Squared Error (SE) Objective Function

Perhaps the simplest and most common objective function is the squared
error objective function. This error metric can be described as the Euclidean
distance or the L9 norm, which gives rise to the “least squares” solution.
Thus, the objective function can be written as

N M K

Tsp(x) = >3 > (Zijk — Mijk(x))?, (1)

i=1 j=1 k=1

where Kj;; is the number of measurements per cross-track cell, ij.

1.2 The Weighted Squared Error (WSE) Objective Function

While certainly the simplest option, the squared error objective function
fails to make use of all available information, and, as a result, can be overly
sensitive to noise. The measuring instrument introduces noise that has been
well studied. The noise is represented by a zero-mean, Gaussian random
variable v, with variance (K%.) given by

& = a(op)? + fof + 7. (2)
The parameters «, 3, and y are functions of the instrument design and signal
to noise ratio (SNR), and 0% is the “true” 0° measurement (i.e. the o that
would be observed in the absence of measurement noise). Thus, ¢ is a



realization of the random variable equation
o’ =07+ (3)

Using the variance estimate from Eq. (2), instrument noise can be ac-
counted for, by dividing each term in the squared error sum by the mea-
surement variance. Thus,

N ((Zig = Mige(x))?
i z]
wsul) = 32323 (PSR ) g
j=1k=1 &
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represents an objective function that can be classified as a “weighted squared
error.” It may be valuable to note that minimizing this objective function
can be considered a maximum likelihood estimator, assuming that the vari-
ance of each measurement is constant with respect to x. This assumption
will be examined in greater detail in the following section. Jy gg(x) is also
a quantity known as a “chi-square” (x2).

1.3 Maximum Likelihood (ML) Estimation

In the preceding section, the weighted squared error objective function was
casually mentioned to be a maximum likelihood (ML) estimator given a
constant measurement variance. The ML estimator is explicitly derived in
this section.

The ML estimator calculates the model parameters most likely to give
rise to the observed measurements. For a given x, the estimator evaluates the
probability that the observed measurements Z would occur. The estimated
quantity Xpsr is the x that maximizes this probability. Thus,

XML = argmgpo(Z|x). (5)

If the measurements are assumed to be independently Gaussian, with vari-
ance ¢2 defined above, then

N M Kij 2
L (Zijr — Mijr(x)
ZI) -y (Bl )} )
<=M 7= o3 (2

Computing the maximum of pz(Z|x) is equivalent to computing the min-

imum of the negative log-likelihood function £(x) = —Ilnpz(Z|x), which
is
N M Ki 2
1 ( Ziji — My
X) = ZZ ln27r+ lngwk—i— ( gk MJk(x)) . (7
i=1 j=1 k=1 2 Sijk



Note that the first two terms in the sum are constant with respect to x, so
they may be disregarded when calculating the arg min. The common scale
factor of % may also be ignored. Therefore,
XML = argminpz(Z[x)
X

K;j

N M 2
. zgk z]k(x)
arg min g g
X
i=1 j=1 k=1 Sijk

= argmin{Jsp(x)}, (8)

the weighted squared error objective function.

Before declaring the weighted squared error a maximum likelihood esti-
mator, the constant variance assumption needs to be examined in greater
detail. Recall from Eq. (2) that ¢? depends upon the value of 0%. Also re-
call that in computing pz(Z|x), we estimate the probability of the observed
measurements under the assumption that the true wind field is represented
by x. Under this assumption, 0. = M(x). Thus, ¢? is a function of x:

St (%) = M (%) + BMijr(x) + 7. (9)

This dependence on x changes the simplification of £(x); the $In¢? term
must be retained the minimization. Thus the objective functlon for maxi-
mum likelihood estimation is

N dL zgk_ l]k( ) ? 2
Jur(x ZZZ ) +Ing(x) o (10)

i1=1 j=1 k=1

While both Egs. (4) and (10) can be said to represent objective functions
of maximum likelihood estimation, the constant variance assumption in Eq.
(4) is inconsistent with the probability model pz(Z|x). Therefore, for the
duration of this paper “maximum likelihood” will refer exclusively to Eq.
(10).

1.4 The Reduced Maximum Likelihood (RML) Objective
Function

While a theoretically sound objective function, in practice Eq. (10) presents
some difficulties. Examining the scale of the terms in the summation re-
veals one reason. The first term is the square of a zero-mean, unit-variance
Gaussian random variable, thus a y? random variable with one degree of



freedom, which has mean value of 1. ¢2 is on the order of 10_5, so In¢? is on
the order of -11.5, so summed over all of the measurements, the In¢? domi-
nates. The parameters «, 3, and « are only rough approximations, though,
so the dominant term is not as accurate as the y? term.

For this reason, the final objective function analyzed here is the reduced
maximum likelihood objective function:

et )
Jrrr (% ZZZ( Uk%k ik X ) . (11)

=1 j=1k=1

2 Objective Function Gradients

As mentioned before, to be useful as an estimation tool, the objective func-
tion minima must be obtained. Many minimization routines require the
calculation of the objective function gradient. Below, the gradient is ana-
lytically derived for the four cited objective functions.

2.1 SE Objective Function Gradient

Evaluation of the gradient requires a straightforward application of the chain
rule, differentiating with respect to each model parameter. With respect to
the p'* model parameter, the partial derivative of Eq. (1) is:

9 N M Kij 9
—Jsg(x) = -2 Zijk — Miji (%)) 50— Mijk(x) (12)
where
d oM (Uija Uij) auij oM (UzJaUzJ) 3Uzy
. — 1
BxpM”k(x) Ouj 0%y * Ov;j oxp (13)

The terms w;; and v;; represent the rectangular components of the wind
field at the 77, wvc. Note that these may be represented in terms of the F
matrix representing any linear wind field model:

uij = F'x, (14)
vij = Flyunx, (15)
I = N@G—-1)+], (16)



where [ is the index into the column scanned representation of the wind
region and FZT is the 1" row of the wind field model transform matrix.
Therefore,

DL = A, (17)
4
avij

= F . 1

X, I+MNp (18)

The Geophysical Model Function is an empirically derived table of values
with no closed form solution. The table has three dimensions: wind speed U,
relative azimuth x (instrument azimuth 4 - wind direction ¢), and incidence
angle #. In order to evaluate the function, an interpolation routine must be
used. In the MERS lab, a bspline function is used, interpolating in all three
directions. Through this function, partial derivatives can be easily obtained
with respect to wind speed and relative azimuth, i.e. ‘93—/;4 and 83—/\;. These
are related to the rectangular components by

s = Vu?+0v?, (19)
X = ¢Y—9, (20)
_ -1/v
¢ = tan (u) (21)
Thus,
oM OMds  OMI¢

0~ osov ogaw (22)
OM  OMds OMIY
S0 = 0s ou 09 ou (23)
0s u
o VuZto? (24
0s v
v VR o2 (25)
oM _ oMoy
0 - Ox 0¢
oM
= = 2
o (26)

The partials of ¢ with respect to u and v require more careful attention. The
inverse tangent with only one argument, defined on the interval [-F, 7], has



a well known derivative:

1
a tan~!(x)

dx T 1tz (27)

For purposes in wind retrieval, the four quadrant inverse tangent (defined
on the interval [, 7], and denoted tan} ') is necessary. This can be defined
in the following way:

tan~"'(2) Quadrants I and IV,
tan, 1(5) = tanfl(%) 4+ 7 Quadrant II, (28)
tan () —m  Quadrant III

Thus the partial derivatives will be the same in all quadrants, i.e.

op 0 1,0 1 —v
— = — — =
du ou M (u) 142 Uz u?
—v
REETCE (29)
op 0 1,0 1 1
£ — bl — -
v o (u) 1+Z_§u
u
REETTE (30)
Therefore,
oM oM v n oM u (31)
v 0s VJul + v2 0¢ u? +v?2’
oM _ oM U oM v (32)

ou 0s Vu2 + 02 B 0 u? + 0?2’

2.2 WSE Objective Function Gradient

The WSE objective function differs from the SE objective function by only
the ¢ term which is constant with respect to x. Thus, the gradient differs
from Eq. (12) by the same term:

o N M Kij
s =233 |
Xp j=1k=1

=1

z]k(X))] iMUk(X) (33)
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2.3 RML Objective Function Gradient

The RML objective function differs from the WSE objective function only
in that ¢? depends upon x. Computation of the gradient requires use of the
derivative quotient rule:

2

(&

N
=1 ijk

0
a—XpJRML(X) = - Z

)

i G {Q(Zijk — Miji(%)) 59 Mijk (%p) N
=1 k=1

o<
(Zijk — Mijr(x))2 52

oxp

. (34
(g?jk)g ( )
where

Oc2 . .

0%y 0%y 0%y

2.4 ML Objective Function Gradient
Differentiaing Eq. (10) requires only the addition of one term to Eq. (34):

N M K 2
) o 1 06,(x)
— I (x) = —Jrmr(x) + . (36)
o, o, S A

3 Objective Function Hessian Matrices

Several minimization algorithms for the objective function require a realiza-
tion of the Hessian matrix, or the matrix of double partials. Although the
derivation is involved, like the gradient, it is a straightforward implementa-
tion of the chain rule.

3.1 SE Objective Function Hessian

To completely specify the derivation, it is sufficient to derive expressions for
the following:

(37)
*Jsg N U & OMijk(x) OIMjk(x)\°
o -2 Z:ZI ]:Z1 ; (Zijr, — Miji(x)) oz ( ox, ) ,



and

K;
*Jsk AR [ 9* Mji(x)
= -2 ijk — Mijr(x)) ——2——
T 33 2] (RN
_ OMijk(x) aMijk(x)] _ (38)
0%y 0xq

where p # g. By the chain rule,

PM 9 (aM du M 31})
9

8—x12, ou 0%y + ov 0%
_ 0 (8/\/1) ou N OM 0?u +i <8M> ov N 8/\/1@
0 ou ) 0x,  Ou OxZ 0x ov ) ox,  Ov 0x
_ i(@M) ou +i(8./\/l> 61) (39)
ox, \ Ou ) 0x, 0%, \ Ov ) 0%,
0’ M _ i(@M) ou +i(6M> ov (40)
0%x,0x, Ix, \ Ou ) 0x, 0%y \ Ov ) 0%

Note that the double partials, % and % are both 0. The mixed partials
P P
of the model function are further developed as

9 (MY | PMou  PMow "
0x, \ Ou  Ou? ox,  Oudv 0x,’

o [OM PM ou  PM v
(2 Il (42)
ov OJudv 0x,, ov? 0x,

0%y
and thus, the above simplifies to
M PM [ u\? M v Ou  PM [ v \?
—— —— t2 o (), (43)
Bxp ou Oudv 0x, 0xp ov
PM_ PMOudu  PM o ou
0x,0%) ou? Ox4 0%,  Oudv 0x, 0%
M du Do PM v Do
dudv x4 0%, ov? Ox4 0%,

3—Xp 0%y

(44)

When using the bspline version of the Geophysical Model Function, the

double partials 3327/\24,3;5;’(, and g 5, are not directly available, as the model

function is splined with respect to s and y. Thus, expressions for these



partials must also be derived to implement the Hessian matrix.

9’M

Ou?

9’ M

where

oM
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v
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2uv
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W)

v oM u OM
VuZ£02 0s  u?2+0v? 0¢ >

oM

)
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Vu2 +0v20v \ 0Os (u? +02)3/2 0s
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0’M Os N PM 0¢
090s Ou ~ 0¢? Ou

U PM v O*M
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Thus,

PM u?  ’M uv *M v? oM
2 @il 0 (@4 2P 0gds T (w2 + 022 s
uv 0’M v? PM 2uv OM
 (u2 + v2)3/2 0h0s * (u? +v2)2 0¢? * (u? +v?)? 0¢
B u?  0’M v? oM 2uw ?M
w2+ 0?2 9s? * (W2 +02)32 8s  (u? + v2)3/2 9gds
v? 0*M 2uv OM
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62_./\/1 B v?  0?°M n 2uv P*M n u? oM
ov? u? +0v2 95?2 (u2 +02)3/2040s  (u?+02)3/2 0Os
2uv OM u? ?M
- + . (52)
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The mixed partial is found to be
PM D ( v oM LY 8M>
oudv Oou \VuZ+02 0s  u?+v?2 9¢
B v 0 [OM U oM
T V2 +02ou ( ds > T (W2 +02)3/2 9s
u 0 (3./\/1) N v —u? oM
u? 4+ 02 0u \ 9¢ (u? 4+ 0v2)2 0¢
B uww  0°M v? PM ) oM
w2402 92 (W2 +02)32 0905 (u? + v2)3/2 Bs
2u? oM u? *M ) 0’ M
@22 06 @+ 2P 0gds | (i 1 P)E 02
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u? +v2 95?2  (u2+02)3/20940s  (u? +02)3/2 ds
v? —u? OM ) *M (53)

+(u2+02)2 op (u? +0v2)2 9¢2

Obtaining 8327”{1 and % from the model function requires only a simple
application of the chain rule. Recall that

X = ‘Z/J—QZS, (54)
oM oM
% = e (55)

11



Therefore,

I*M
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3.2 The WSE Hessian Matrix

As with the gradient of Jiyysg, the hessian requires only the addition of the
constant ¢ term to the Jgx hessian matrix:

*Iwse
3x12,

*Jwsk

0x,0x,

N M Kij

2> 0>

i=1 j=1 k=1

-2

2

D

N M Kij
=1

4 Conclusion

j=lk=1 |

(58)
- M, oM, 2
(Zijh — Muge () 500 [ 2l)
§i2jk §i2jk ’
(59)
i 92 M;; M (x) OM;;
(Zijk — Miji(x)) axpéigx) aéi(x) a;z(x)
ng]k gzjk

While four objective functions have been derived, in general, only the Weighted
Squared Error objective function and the Reduced Maximum Likelihood
Objective function are used in field-wise wind retrieval. The Squared Er-
ror objective function can be overly sensitive to noise, while the Maximum
Likelihood objective function is dominated by less accurate estimates.
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