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ABSTRACT

IMPROVING ACCURACY IN MICROWAVE RADIOMETRY VIA
PROBABILITY AND INVERSE PROBLEM THEORY

Derek L. Hudson
Electrical and Computer Engineering

Doctor of Philosophy

Three problems at the forefront of microwave radiometry are solved us-
ing probability theory and inverse problem formulations which are heavily based in
probability theory. Probability theory is able to capture information about random
phenomena, while inverse problem theory processes that information. The use of these
theories results in more accurate estimates and assessments of estimate error than is
possible with previous, non-probabilistic approaches. The benefits of probabilistic
approaches are expounded and demonstrated.

The first problem to be solved is a derivation of the error that remains after
using a method which corrects radiometric measurements for polarization rotation.
Yueh [1] proposed a method of using the third Stokes parameter 7y to correct bright-
ness temperatures such as 7T, and T}, for polarization rotation. This work presents
an extended error analysis of Yueh’s method. In order to carry out the analysis, a
forward model of polarization rotation is developed which accounts for the random
nature of thermal radiation, receiver noise, and (to first order) calibration. Analytic

formulas are then derived and validated for bias, variance, and root-mean-square error






(RMSE) as functions of scene and radiometer parameters. Examination of the for-
mulas reveals that: 1) natural 7Ty from planetary surface radiation, of the magnitude
expected on Earth at L-band, has a negligible effect on correction for polarization
rotation; 2) RMSE is a function of rotation angle €2, but the value of € which mini-
mizes RMSE is not known prior to instrument fabrication; and 3) if residual calibra-
tion errors can be sufficiently reduced via postlaunch calibration, then Yueh’s method
reduces the error incurred by polarization rotation to negligibility.

The second problem addressed in this dissertation is optimal estimation
of calibration parameters in microwave radiometers. Algebraic methods for internal
calibration of a certain class of polarimetric microwave radiometers are presented by
Piepmeier [2]. This dissertation demonstrates that Bayesian estimation of the calibra-
tion parameters decreases the RMSE of the estimates by a factor of two as compared
with algebraic estimation. This improvement is obtained by using knowledge of the
noise structure of the measurements and by utilizing all of the information provided
by the measurements. Furthermore, it is demonstrated that much significant informa-
tion is contained in the covariance information between the calibration parameters.
This information can be preserved and conveyed by reporting a multidimensional pdf
for the parameters rather than merely the means and variances of those parameters.
The proposed method is also extended to estimate several hardware parameters of
interest in system calibration.

The final portion of this dissertation demonstrates the advantages of a
probabilistic approach in an empirical situation. A recent inverse problem formu-
lation, sketched in [3], is founded on probability theory and is sufficiently general
that it can be applied in empirical situations. This dissertation applies that formu-
lation to the retrieval of Antarctic air temperature from satellite measurements of
microwave brightness temperature. The new method is contrasted with the curve-
fitting approach which is the previous state-of-the-art. The adaptibility of the new
method not only results in improved estimation but is also capable of producing use-
ful estimates of air temperature in areas where the previous method fails due to the

occurence of melt events.
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Chapter 1

Introduction

“Truth is knowledge of things as they are, and as they were, and as they are to

come.” —Doctrine and Covenants 93:2/

Many problems in microwave radiometry are currently approached and
solved in an algebraic fashion. This approach is favored because it is simple and
accessible to audiences unfamiliar with more sophisticated approaches. However, the
use of probability theory and probabilistic inverse problem theory can yield solutions
which are significantly more accurate than algebraic solutions.

The foundation for an accurate solution is an accurate forward model.
While a purely algebraic model is easy to handle, a probabilistic model can include
additional information. One avenue for this is to model quantities as random vari-
ables rather than simple algebraic entities. An additional avenue is to capture the
relationships among variables using probability density functions (pdfs) rather than
deterministic functions.

A forward model with probabilistic variables and relationships should also
be inverted probabilistically in order to obtain information on parameters of interest.
Bayes’ theorem can be used to perform such an inversion when an algebraic forward
model exists. A more general approach, recently been published by Tarantola [3], is

available to invert probabilistic forward models.

1.1 Purpose

A primary purpose of this dissertation is to manifest advantages obtained

by employing probability theory and probabilistic inverse problem theory instead of



simple algebraic methods. These advantages are: (a) more accurate estimates of
parameters, (b) more accurate assessments of error in estimates, and (c) conservation
of important covariance information.

Applying probability theory and probabilistic inverse problem theory is not
necessarily a straight-forward task. Hence, a second purpose of this dissertation is
to demonstrate details of application to three problems of increasing difficulty. This
prepares the way for others, especially those in the field of microwave radiometry,
to more easily apply probability theory and probabilistic inverse problem theory in
other problems.

The third purpose of this dissertation is to solve three actual problems at
the forefront of microwave radiometry. These problems and the results obtained are

now summarized.

1.2 OQOutline of Problems, Solutions, and Contributions
1.2.1 Analysis of Correction for Polarization Rotation

The first problem to be solved (Chapter 3) is a derivation of the accu-
racy of a procedure which corrects for unwanted rotation in the polarization basis
of radiometric measurements. Yueh [1] proposed a method of using the third Stokes
parameter Ty to correct brightness temperatures such as T, and T}, for polarization
rotation. The method is termed “polarization rotation correction” (PRC). Chapter
3 presents an extended error analysis of PRC. In order to carry out the analysis, a
forward model of polarization rotation is developed which accounts for the random
nature of thermal radiation, receiver noise, and (to first order) calibration. An ap-
pendix to Chapter 3 derives a covariance matrix which is used in Chapters 3 and
4. Analytic formulas are then derived for the residual bias, variance, and root-mean-
square error (RMSE) of PRC as functions of scene and radiometer parameters. These
formulas are validated independently via Monte Carlo simulation.

Examination of the formulas yields valuable insights. In the planning of an
L-band spaceborne radiometer for soil moisture sensing, there has been concern that

natural Ty from planetary surface radiation will significantly degrade the performance



of PRC. However, the formulas derived in Chapter 3 indicate that natural 7j; of the
magnitude expected on Earth at L-band (less than 5 K) has a negligible effect on
PRC for such a sensor.

Another insight provided by the derived formulas is that residual error
(after PRC) stems from residual calibration errors. Furthermore, it is more accurate
to consider rotation angle {2 to be a modulator of residual calibration errors, rather
than an error source itself. In addition, if residual calibration errors are unknown,
then the value of 2 which minimizes residual PRC error is also unknown. This
contradicts the notion that error automatically increases with Q (that notion is true

when no correction is made). This work is published as [4].

1.2.2 Optimal Internal Calibration

The second problem addressed in this dissertation (Chapter 4) is optimal
estimation of calibration parameters in microwave radiometers. Algebraic methods
for internal calibration of a certain class of polarimetric microwave radiometers are
presented by Piepmeier [2]. Chapter 4 and its appendix work out the intricacies
necessary to estimate the calibration parameters probabilistically (via Bayes theo-
rem) rather than algrebraically. The result, validated by Monte Carlo simulation,
is a reduction in RMSE by a factor of two as compared with algebraic estimation.
This improvement is possible because the probabilistic method is able to utilize re-
dundancy in the measurements (there are 16 measurements and only ten parameters
to estimate). Optimal utilization of the redundancy is possible because probability
theory captures knowledge of the noise structure of the measurements. While the
probabilistic method has greater complexity and requires more computation than an
algebraic method, the complexity is worked out in this dissertation and the compu-
tation is minor by today’s standards.

Chapter 4 also demonstrates that much significant information is available

as covariance information between the calibration parameters. This information can



be preserved and conveyed by reporting a single multidimensional pdf for the param-
eters as the solution to the problem, rather than merely reporting the means and
variances of the parameters.

As an extension of the work, pdfs are also found which characterize and/or
estimate eight hardware parameters of this class of radiometer. One parameter, the
amplitude imbalance of a hybrid coupler, receives no uncertainty from the effects
modeled in this paper. Another parameter, a bandpass equalization efficiency, is also
well resolved. The remaining six parameters cannot be individually resolved from
radiometer measurements. However, either ratios or products of pairs of them can be
well resolved.

This work is published as [5]. Note that the theoretical advantages pre-
dicted by this dissertation could be optimistic. Application of the probablistic method

in hardware is needed in order to validate the predictions herein.

1.2.3 Improved Retrieval of Polar Air Temperature

The third problem to be solved in this dissertation (Chapter 5) demon-
strates the advantages of a probabilistic approach in an empirical situation. A recent
inverse problem formulation, sketched in [3], is strongly based in probability theory
and is sufficiently general that it can be applied in empirical situations. Chapter 5
applies that formulation to the retrieval of Antarctic air temperature from satellite
measurements of microwave brightness temperature.

The previous state-of-the-art method (termed “sinusoidal method”) used
a sinusoidal curve to approximate the relationship between Antarctic air temperature
T and satellite measurements of microwave brightness temperature B. The new
method (termed “pdf method”) achieves better performance because it derives a
more exact (albeit empirical) relationship between 7" and B. The pdf method is
more accurate because it does not constrain the relationship between 7" and B to
a sinusoidal model. Instead, coincident T and B data are treated as samples of an

underlying two-dimensional pdf which relates 7" and B.



To compare the sinusoidal and pdf methods, one or two years of coincident
T and B data at an Antarctic weather station are used to train both methods (that
is, to derive an empirical relationship between T" and B at the station) . The methods
are then tested on another year of B data. The output of each method (7') is then
compared with station 7" data. In particular, the root-mean-square (RMS) of the
difference is calculated.

This procedure demonstrates that the adaptibility of the new method re-
sults in improved estimation. With only one year of training data, the performance of
the pdf method is slightly better than the sinusoidal method. This holds true over a
wide range of two controlling parameters, op and o. These parameters are standard
deviations which specify the credibility which the pdf method gives at a particular site
to its two sources of information (namely, day of year and 37-GHz v-pol brightness
temperature measured on that day).

When two years of training data are available, the pdf method can be
self-trained to make intelligent choices for o and op. This intelligence or adaptivity
produces significant improvements. Compared to the sinusoidal method, the pdf
method reduces RMS error by an average of 0.3 °C at the three inland sites with
sufficient data for use in this study.

With two years of training data, the adaptibility of the new method also
makes it capable of producing useful estimates of air temperature in areas where the
previous method fails due to the occurence of melt events. Two sites have sufficient
data for this study. Both are located on the Antarctic coast. Compared to the
sinusoidal method, the pdf method reduces RMS error by an average of 8.4 °C at
these sites.

A final advantage of the pdf method is that the variance of a T" estimate can
be estimated even when ground truth data are unavailable. Specifically, the variance
can be calculated directly from the marginal pdf for 7' (this marginal is an output of

the pdf method).



1.3 Dissertation Structure

The dissertation is developed as follows. Chapter 2 provides background
concepts on microwave polarimetric radiometry and estimation theory. Chapter 3 is
an error analysis of polarization rotation correction in microwave radiometry. Chapter
4 derives optimal (Bayesian) internal calibration of microwave radiometers. Chapter
5 derives an improved method of estimating polar air temperature from microwave
radiometric data. Chapter 6 contains summary and discussion, including future work
options. The appendices include a number of detailed derivations and a description

of the data sets used in Chapter 5.



Chapter 2

Background

The three problems solved in this dissertation all concern microwave ra-
diometry and estimation theory. A few essential concepts from these fields are sum-
marized here. More complete expositions of radiometry are found in [6, Chs. 4 and 6]
and [7, Ch. 7]. A good introduction to classical probability and estimation theory is
8], with deeper developments in [9] and [3]. Background information which relates to
only one of the specific problems in this dissertation is presented within the relevant

chapter.

2.1 Microwave Radiometry

Microwave radiometry is the measurement of natural electromagnetic radi-
ation in the microwave spectrum. This radiation is generated by the tiny vibrations,
collisions, and other movements which constitute the thermal energy of matter. The
characteristics of this radiation are described by Planck’s radiation law and additional
theory.

The intensity of this radiation is measured by a radiometer as the brightness
temperature Tz of a scene at a certain frequency and polarization. This brightness
is the product of the physical temperature 7" of the scene and a quantity called the
emissivity e of the scene:

Ty = €T. (2.1)

The emissivity ranges from 0 to 1. It depends on the polarization of the
radiation and on the composition, orientation, and texture of the scene. Both Tz and

T are measured in kelvins, while € is unitless.



A phenomenon that is central to all three problems in this dissertation is
the random fluctuation of Tp measurements. Even when € and T are constant, the
randomness of the tiny movements of the atoms and molecules in a scene causes the
intensity of the emitted radiation to fluctuate about a mean value. The mean value
is the quantity which we wish to measure. The fluctuation is modeled by a zero mean

random variable which is termed noise equivalent AT (NEAT):
measured T = T = T + AT. (2.2)

An important characteristic of NEAT is that its standard deviation (STD) is equal
to Tp/v/ BT, where B is the bandwidth of the radiation measured by the radiometer
and 7 is the length of time over which the radiation is measured. Also, AT can be
approximated as a Gaussian random variable for BT > 10 [7, Ch. 7].

The basic process of measuring T is straightforward. An antenna collects
the microwave radiation and converts it to a small electrical signal. This signal is
amplified and filtered by a receiver. The signal power, which is proportional to T,

is then measured (“detected”) and digitized. This process can be represented by
P =G (Ts +Tgrx), (23)

where G is the overall amplification (gain) and Try is additive noise power produced
by the receiver electronics. The radiometer consists of all the hardware to measure
T's from the antenna through the digitizing device. The calibration of the radiometer
consists of obtaining estimates of G and Tgy, using targets or inputs with known
brightness temperature. Using hat marks to denote estimates, the desired estimate

of T is then
~ P -
T = — — Tgx. 2.4
B & RX (2.4)

2.2 Polarization and Stokes Parameters

The polarization of microwave radiation is a characteristic of high signifi-
cance to many users of radiometer data. This section sketches the basic principles of

polarization characterization.



vertical

horizontal

Figure 2.1: Axes for defining the polarization of light. The plane of the figure is
perpendicular to the direction of travel of the light.

Consider the plane perpendicular to the direction of travel of a light wave
(such as microwave radiation). This plane is depicted in Figure 2.1. The electric field
component of light oscillates in this plane. If the oscillation is back and forth along the
vertical axis, then the wave is said to be vertically polarized. Likewise, a horizontally
polarized wave is one whose electric field oscillations occur in the direction of the
horizontal axis!. Two other polarizations are those at plus and minus 45° to the
vertical and horizontal axes, shown by dashed lines in Figure 2.1. Finally, a circularly
polarized wave is one in which the axis of electric field oscillations rotates smoothly

and continually rather than remaining fixed.

IFor remote sensing of the earth, horizontal is defined as the axis parallel to both the earth’s
surface and the plane in Figure 2.1. Vertical is defined as the remaining axis (perpendicular to both
the direction of travel and the horizontal axis).



The radiation (light) measured by a radiometer is the sum of large num-
bers of tiny waves which are randomly emitted by different parts of the scene. The
instantaneous axis of oscillation of the total electric field is therefore rather random
— that is, unpolarized to some degree. Nevertheless, in most cases the radiation is
partially polarized — that is, the oscillations have a larger component along one axis
than along others.

The degree to which such “random” radiation is polarized in various man-
ners can be described as follows. The light can be filtered such that only the vertically
polarized component of the oscillations is preserved. The brightness temperature of
this filtered radiation is defined as T),. Similarly, brightness temperatures of the radi-
ation filtered along the other axes in Figure 2.1 are denoted by T}, T 45, and T'_45. It
is also possible to measure the brightness temperature of only the circularly polarized
components of the radiation. The component whose axis of oscillation rotates to the
right is denoted T, while the component whose axis of oscillation rotates to the left
is denoted T;.

The polarization state of random radiation can be completely summarized

by four parameters known as Stokes parameters after their inventor. These are

Ty (“first Stokes parameter”) = T, 4+ T, =Tyus + T 45 =T, +T,, (2.5)
Ty (“second Stokes parameter”) = T, — Ty, (2.6)
Ty (“third Stokes parameter”) = Ty45 — T 45, (2.7)
Ty (“fourth Stokes parameter”) = T, —1T,. (2.8)

It is also common to denote the third and fourth Stokes parameters by 73 and T},
respectively. Radiation which is completely unpolarized has nonzero 17 while Ty =
Ty = Ty = 0. More generally, the degree of polarization of radiation is given by

A /T5+T,3+T3,

p= Y with p ranging from zero to one.

10



2.3 Estimation Theory

This section provides a brief sketch of key selected concepts from estimation
theory which are frequently referred to throughout the dissertation. Specifically, it

touches on metrics for error and on the concept of forward versus inverse problems.

2.3.1 Error Statistics

The error in an estimator Q of a quantity with true value Q can be defined
as follows. If the same process (estimator) is used to estimate the quantity N times,
under identical conditions every time, then an ensemble of estimates is obtained?,
denoted QZ with ¢ = 1,..., N. The root-mean-square error (RMSE) in this set of

estimates is an average error defined by

<Q — Q1>2 + .t (Q—@N>2

RMSE(set of Q;) = ~

(2.9)

As N grows to infinity, the arithmetic mean (average) of the ensemble is
equivalent (for practical purposes and the problem at hand) to the “expected value”
of the ensemble and is denoted < - >. The expected RMSE of the estimator Q is
defined as

RMSE(Q) = /< (Q - Q) >. (2.10)

It is often very natural and useful to decompose RMSE into the root-
sum-square (RSS) of a bias and a standard deviation (STD). Bias is the expected
difference between the true ) and the Qi, while the STD captures the fluctuation of

the QZ around their mean value. Defining this mean value with Q =< Q > then

N A —

Bias(Q) = <Q-0Q> =Q—Q, (2.11)
STDQ) = /< (Q-0) >, (2.12)
RMSE(Q) = \/ Bias2(Q) + STD?(Q). (2.13)

2Typically it is not possible to physically obtain an ensemble since conditions do not remain
constant. Thus, the idea of an ensemble is primarily theoretical.
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2.3.2 Forward and Inverse Problems

A forward model or problem seeks to show how measurements M are a
function of parameters () which characterize a particular situation. Conversely, an
inverse model or problem seeks to determine () based on measurements M.

One type of forward model is a probability density function (pdf) for M,
given a known set of @). This pdf is denoted p(M|Q). In many cases it is possible to
find a solution to the inverse problem as another pdf, p(Q|M), by using the following
form of Bayes’ theorem:

P(MIQ)P(@Q)

p@i) = AR (2.14)

Here, p(Q) is information on ) from some source other than the measurements M
(prior information on ). Chapter 4 provides an illustration of the use of (2.14). The
denominator is simply a constant, a normalizing factor which creates a valid pdf for

fixed M .3

3This constant is left undetermined for the problems addressed in this dissertation. If it is needed,
it can be found as

p(M) = / p(M|Q)p(Q)dQ. (2.15)
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Chapter 3

A Probabilistic Analysis of Polarization Rotation Correction

This chapter illustrates the use of probability theory to analyze the residual
error in a correction technique. Previously, this residual error was modeled and
analyzed in a simple algebraic fashion [1].

While the algebraic approach is straightforward and accessible, the resid-
ual error under examination is known to contain random constituents. Therefore,
this chapter expands the error model to include random variables. Analysis of this
probabilistic error model is significantly more challenging than for the previous alge-
braic model. However, it yields more accurate characterization of the residual error.
This analysis also yields valuable insight into the sources of residual error. This work
is published as [4]. It demonstrates how error analysis in microwave radiometry can

be taken to a higher level of fidelity.

3.1 Introduction

The earth’s ionosphere and magnetic field cause Faraday rotation of the
polarization of radiation emanating from the earth’s surface. This rotation mixes the
vertical and horizontal polarization components of brightness temperatures, T, and
T}, degrading the measurement of both. The oft-used second Stokes parameter, Ty
(=T, —1Tp), is doubly degraded. For L-band satellite measurements, the error in 7t
due to uncorrected Faraday rotation can exceed 10 K, depending on solar activity,
incidence angle, and the angle between the look direction and the Earth’s magnetic
field [10]. (Faraday rotation is inversely proportional to the square of frequency.

Therefore this source of polarization rotation is less important above L-band.)
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Additional polarization rotation occurs if a sensor’s antenna feed polar-
ization basis is rotated with respect to the natural polarization basis of the earth’s
surface. Such rotation may occur as an accidental misalignment [11] or may be de-
liberately permitted in order to simplify hardware [12].

Near-future L-band spaceborne radiometers, namely SMOS [13] and Aquazr-
ius [14], are being designed to perform polarization rotation correction (PRC) in post-
processing. A basic method involves measuring the third Stokes parameter, Ty, in
addition to the usual T, and T},. The method is introduced by Yueh in [1].

Previously developed forward models of polarization rotation [15], [12],
[1], [11], are deterministic and neglect the role of receiver channel noise (although
[16] includes noise in simulations). In Appendix A, an extended model is developed
which takes into account the random nature of the radiation and also accounts for
receiver noise. Simple and accurate expressions are derived for the means, variances,
and covariances of the measurements in a three-channel (7, T}, and Ty;) radiometer.
These are derived in Appendix A and summarized in Section 3.2.

In Section 3.3, Yueh’s correction technique is reviewed. In Section 3.4
derivations are given for the mean, variance, and root mean squared error (RMSE)
of the resulting estimate of Ty. Similar derivations for T, and T} are presented in
Section 3.5. Insights from the resulting formulas are presented in Section 3.6, and
conclusions are offered in Section 5.6.

Throughout this work, case studies are shown for the Aquarius radiome-
ter, whose deployment is expected in 2010. The Aquarius instrument will have three
beams with respective incidence angles of 28.7°,37.8°, and 45.6° [14]. For measure-
ments of ocean emissions, these angles dictate a nominal T, of about 20, 35, and 53
K, respectively [17]. The Aquarius instrument also has nominal integration time 7 of
6 seconds. Reference is also made to the canceled NASA Hydros mission [18], whose
nominal 7 was 0.016 seconds. The Hydros incidence angle is adjusted from 39.3° to

37.8° in this study, to match Aquarius.

14



3.2 Summary of Forward Model

As shown in Appendix A, the processes of receiving, detecting, and cali-
brating the first three Stokes parameters in a polarimetric radiometer can be sum-

marized with the forward model

Tra = T + ATgrxr + ATy 1, (3.1)
TQa = +T5 cos2Q + Ty sin2Q + ATgx g + Alsys g, (3.2)
TUa = —TQ sin 292 + TU cos 2f) + ATRX,U + ATsys,U- (33)

The quantities on the left hand sides are our measurements of the first
three Stokes parameters after rotation, detection, and calibration. On the right sides,
the natural Stokes parameters of the scene, T, Ty, and Ty, are altered by polarization
rotation € [15] and perturbed by error sources, represented by quantities with a A
prefix.

ATrx 1, ATrx g, and ATy are residual biases from the calibration pro-
cess that is performed throughout data collection. For example, if the fourth cali-
bration scheme described in [2] is used, then ATgx s corresponds to all but the first

term on the right side of (42) in [2]. That same calibration scheme also leads to

TyTe — ToTy
Ty —Te

ATRX,U = Ajﬂ’RX,h = ; (34)

where Ty and T are the true temperatures of the hot and cold calibration sources,
while Ty and T are the best available estimates of them. (The calibration sources
could be noise diodes or external targets, for example.) Then ATgy; and ATgrx o
are defined as the sum and difference of ATgx, and ATgx 4, respectively.

Using (3.4) gives ATrx o = 0. A more realistic description distinguishes
between the calibration sources in the v and h channels, i.e.

o TH’UTC’U - TCUTH’U

ATgrx, = T T ,
Hv — v
Tunden — TonTan
AT, = 3.5
e Tun —Ten (3:5)

so that ATgx is nonzero. This distinction also complicates the expression for

ATRX,U-
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The radiometer calibration process is such that ATgrx;, ATgx,, and
ATgxy are slowly varying (e.g., over a period of many minutes or more) compared
with the radiometer integration time, 7. Even if estimates of the calibration parame-
ters (e.g., TCU) are obtained as often as several times per 7, it can be assumed that the
predictable thermal environment of space permits extensive averaging of those esti-
mates to yield better estimates. Therefore, for retrieving T,,, 7}, and Tiy measured in
a single radiometer measurement cycle or even many cycles, we can consider ATgx 1,
ATgx g, and ATgx y to be constants. It is also anticipated that this averaging (and
other post-launch calibration activities) will reduce ATgrx 1, ATgx g, and ATgx y to
such low magnitude that they are negligible compared to the other error sources.

In the development of the above forward model, this chapter neglects the
channel gains which are also estimated during data collection as part of the calibration
process (see [2]). Although these gains and the uncertainties in them are relevant,
they are omitted in this chapter, leaving their analysis for future work.

The quantities ATy, 1, ATyys g, and ATy, in (3.1) through (3.3) are zero-
mean, Gaussian random variables which correspond to the usual noise equivalent AT
(NEAT) of radiometric measurements [6]. They fluctuate significantly from one
radiometer measurement cycle to the next. From their definition in (A.29) through
(A.31), we see that they have the same covariance matrix as Tyys 1, Tays.q, and Thys o
(as well as Trq, Toe, and Ty,), given in (3.6). In (3.6), N = 2B7, where B is the
sensor bandwidth (about 20 MHz for Aquarius and Hydros).

Var(ATsysr) Cov(ATsys 1, ATsysq) Cov(ATgys 1, ATsysvr)
Var(ATsys o) Cov(ATsys 0, ATsysv) | =

Var(ATgys )
1 TSst,I + ngys,Q + TSZys,U QTSYJSJTS?JS’Q 2T3y371TSy57U
N ’ T52ys,I + ngys,Q - Ts2ys,U 2TSZ/5:QTS@I57U (36)

2 2 2
Tsys,[ - Tsys,Q + Tsys,U
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For future reference, the means of the calibrated measurements are:

T7, =< Tla >= T + ATrx 1
To, =< TQa >= +Tocos2Q + Ty sin2Q + ATrx g

Tyo =< Tyy >= —Tsin2Q + Ty cos2Q + ATgpxy - (3.7)

3.3 Rotation Correction Technique

In this section, PRC is reviewed. This is done in the context of the forward

model summarized in Section 3.2.

3.3.1 Estimation of T}

Yueh’s model [1] does not include any of the A terms in (3.1) through (3.3).
By noting that Ty is much smaller than 7¢; in natural earth scenes, he proposes to
solve (3.2) and (3.3) for Ty by also neglecting the terms with Ty;. By assuming Ty
and all the A quantities are zero, squaring both sides of (3.2) and (3.3), adding the

two results, and then solving for Ty, we obtain Yueh’s proposed estimate,

To = /T3, + T2, (3.8)

where we ignore the negative root since T is positive in geophysical circumstances.
In reality of course, Ty and all the A quantities are nonzero and constitute the
error sources of the correction technique. Nevertheless, as demonstrated by the error

analysis below, this equation provides a good estimate of T¢,.

3.3.2 Estimation of T, and T),

With T, from (3.8) and Ty, from (3.1), we can also find 7, and T}, as
(Tla + TQ) /2. An error analysis of T, and T}, is pursued in Section 3.5.

Yueh proposed an alternate method of estimating T, and T} (though it is
straightforward to show its equivalence to estimating T, and Tj, via (TIQ + TQ) /2).
First, to estimate €, we divide (3.3) by (3.2), then solve for 2. With the error sources
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(Ty and all the A quantities) assumed to be zero, this yields

1 —Tva
Q=tan ! —2 (3.9)
2 Toa

as an estimate of the angle of polarization rotation. Then assuming the error sources

are zero and solving (A.35) and (A.36) for T, and T}, respectively, yields

T, = T+ Tgsin?Q, (3.10)
Ty = The —Tpsin?Q, (3.11)

which are the corrected forms of Eqs. (15) and (16) in [1], where Ty, is given in (3.8).

3.4 Analysis of TQ

The next task is to determine the pdf, mean, and variance of the estimate
Ty = W/Téa +T5a. We use the mean and variance to calculate the RMSE. Tp,
and Ty, are already well characterized. They are Gaussian (at least to a very good

approximation) with means given in (3.7) and with variances and covariance given in
(3.6).
3.4.1 Rotation of Variables

T, Qa and TUa are correlated, but we can rotate coordinates such that we

have uncorrelated quantities. Define

7 1 Toso Taysv | |Taa
) vs@ ey feal (3.12)
w \/ sys,Q + T sys U _Tsyst Tsyst TU!Z

This is useful because V/ 724+ W2 = /T 5a + Tga - T o- If we assume

that TQa and TUa are jointly normal, then Z and W are also jointly normal and it is

straightforward to show that Z and W are uncorrelated and have the following means
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and variances:

< 7 > = Tsys,QTQa + Tsys,UTUa =7 (313)
2 2

\/Tsys,Q + Tsys,U
< W - Tsys,QTUa - Tsys,UTQa =W (314)

\/TSst,Q + TSst,U

5 Ts2ys,l + Tszys,Q + TSst,U )

Var(Z) = N =07, (3.15)

. T2, —T2, o — T2
Var(W) = =221 sg],\s[,Q vl = 52 (3.16)

The pdf of TQ is given by using Z, W, oz, and oy in (2) of [19], restated here in

terms of the current problem:

. T _T%+2ZQ _T5+2W2
fi,(To) = —2—e “% ¢ W
Oz70WwW
> 15 (aT3) 1y (di) cos2jv (3.17)
j=—00

for TQ > (0 and 0 otherwise, where

2 2 2 2 2

0, — 0 A W Wao
a=2_W P=""_+ — and tany = —=Z
40202, ot ok’ Zo2,’
A zZ W W

and the I; are modified Bessel functions of the first kind and order j.

3.4.2 Simple Result by Assuming 0% ~ o3,

An attempt was made to find the first and second moments of v/ Z2 + W?2
analytically, but failed, even though the pdf is known. Fortunately, a small approxi-
mation leads to simple and accurate formulas, as now shown.

TS2ySQ+T2

v has a worst case maximum value of about 4000 K for Aquar-

ius; in more extreme cases it might reach 10,000 K2 (this is for L-band radiometers
with incidence angles less than about 50°). But this is small compared to T2, ,
which has a value of 660,000 K? for typical Aquarius parameters (Trx; = 620 K and
Ty = 190 K). Therefore, 0, ~ T, ;/N and o3, = T2, ;/N.

If we define 02 = T?

2sr/N and use 0% ~ 0 and of; = 07, then Tj is the

root of the sum of the squares (RSS) of two independent Gaussians with the same
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variance and with nonzero, unequal means. Note that ¢ is the NEAT for the total
signal (first Stokes parameter).

With this approximation, the pdf, mean, and variance of TQ can be de-
scribed as functions of just o and m where m* = 2% + W? = T3, + T7,. In terms of

the original parameters,

m? = T3+Ti+ AThx o+ ATaxy
+2 cos 2Q(+TQATRX7Q + TUATRX7U)

+2sin 29<_TQATRX,U + TUATRX,Q>- (318)

By either [20] or by (1) of [19], the density of Ty, is then

. T,  T+m? T, .
fTQ (TQ) = —267 Q2 2 [0 ( QT) ,TQ >0 (0 Otherwise). (319)
o o

The mean and variance of Ty are [21]:

~ m2 3 2
< Ty >= a\/ge_%%Fl (5, 1; %z) , (3.20)

Var(Ty) = 202 + m?— < Ty >2, (3.21)

where 1 F7 is the confluent hypergeometric function.
Eq. (3.20) corresponds with the first line of (3.10-12) in [22]; the second

line shows that we can rewrite < TQ > as

. T 1 m?
T s—o TR (== 1. -2 2
<te~ U\/; 1( 2 202) (3:22)

A difficulty with using either (3.20) or (3.22) is that for large 7, ¢ is small and the
argument of 1 F; has very large magnitude (e.g. 70,000 for the Aquarius § = 28.7°
case). Calculating the value of 1 F} to high precision presents a huge computational
burden when its argument is so large.

Fortunately, using (4B-9) in [22], (3.22) becomes

. T m? m? m? m? m?
<To>= —e 402 |(1 1 1 3.23
@ a\/;e [( + 202) 0 (402) + 202! (402)} ’ ( )

which can be evaluated quickly.
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The final simplification comes by examining plots of Monte Carlo results
see Section 3.4.3). These plots suggest that Var To) =~ o2 Hypothesizing that
Q

Var(Ty) ~ 02 is correct and using this in (3.21) yields the simple formulas

<Top> ~ Vor+m? (3.24)

= Bias(Tg) ~ Vo2+m?—Tp, (3.25)
Var(T,) ~ o (our hypothesis), (3.26)

= RMSE of T, = \/VCW(TQ) + Bias?(Tp)
~2 \/202 +m? + T3 — 2Ty Vo?* +m?. (3.27)

These equations are the key result of this work.

Note that the pdf of TQ given in (3.19) can be well approximated by a
Gaussian pdf with the mean and variance of (3.24) and (3.26). Therefore, we are
justified in ignoring higher moments hereafter and concerning ourselves with only the

mean and variance (and the RMSE derived from them).

3.4.3 Validation of (3.24) through (3.27)
Numerical Equivalence of (3.23) and (3.24)

The final leap used to obtain (3.24) through (3.27) can be validated by
showing that (3.24) matches (3.23). Maple™ finds the magnitude of the difference
between (3.23) and (3.24) to be less than 20 nK in the Aquarius § = 28.7° case,
and less than 60 nK in the other Aquarius cases. (These are calculated with Ty =
ATgrx o = 0.5 K, ATpxy = 0 K, and typical Aquarius values of Ty, T7, Trx 1, and N
for —180° < Q < 180°.)

Validation by Monte Carlo Simulation of Electric Field Model

The mean and variance of T, o can also be found by Monte Carlo simulation.
This can be done using (A.1) and (A.10) directly, thus avoiding all the approximations
used in deriving (3.24) through (3.27) from (A.1) and (A.10).

The precise procedure is to generate N samples of a, b, E,, and E}, all

independent of one another except < FE,E) >= Ty /2. From these, N samples of
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x and y are formed according to (A.1) and then squared and averaged to produce
a single sample each of TAsy&Q and Tsys,U as in (A.10). To simulate the calibration
process, Trx g is subtracted off while ATgx o and ATgrxy are added on, forming
Toa and Ty, as in (3.2) and (3.3). These are used in (3.8) to form a single sample
of TQ. This entire procedure is repeated M times to form M independent samples
of TQ. The empirical mean and variance of TQ can then be calculated from these
samples. This method gives no formulas but its results converge to the exact results
as M increases.

The Monte Carlo results match analytic results from equations (3.25)
through (3.27) very well, for many values of each of the parameters. Figures 3.1
through 3.4 show some of these results. The discrepancy can be attributed to the

inherent imprecision in the Monte Carlo method.

3.5 Analysis of T, and T,

This section analyzes T, and T}, defined as (T7, £ T)/2. Using (3.1) and

(3.24),
. 1
< TU > =X §[T[ + ATR)(J + Vo2 + mz], (328)
A 1
<Tp> = §[T[ + ATRXJ —Vo?+ m2]. (329)

3.5.1 Variance and RMSE of Tv and Th

Using (3.6) and (3.26)

1272 ,+T2 ,+T2 L
~ 7l vl K/Q w8 4 2Cou(Tra, Tp)). (3.30)
Similarly,
12T 4 TE 4 T2, o
Var(Ty) = yol ]yV’Q vl _ 9Cou(Tra, Tp)]. (3.31)

Finding Cov(T1,,Ty) analytically appears to be intractable. But from (3.30) and
(3.31) we see that Cov (T}, To) = Var(T,)—Var(T}). We can therefore find Cov(T1,, To)
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numerically by subtracting the Monte Carlo estimates of Var(Th) from the Monte
Carlo estimates of Var(Tv). I studied such numerical results and found patterns,

then hypothesized the following formula for Cov(T1,, Tp) from those patterns.

2Ts s,
Cov(Tha, Tg) = =4\ T2, o + 12, (3.32)
Using (3.32) in (3.30) and (3.31),
Var(T,) ~
2T2ys I + 4TSyS I\/TSst,Q + TSZyS,U + Ts2ys,Q + Tszys U 333
- , (333)
Var(T),) ~
2T52y5 I 4T5y5 I\/ sys,Q + ys U + Ts2ys,Q + T52ys U
N . (3.34)
These, together with (3.28) and (3.29), give
. 1
MSE of Tv ~ Z[\/ 0'2 + m2 — TQ + ATRX,]P
n 2T2ys I + 4T5y5 I\/Tszys,Q + Tfys,U + TSZys,Q + TSst U (3 35)
4N 7 '
MSE of T}, ~ [\/ 02 +m?2 — Ty — ATgx 1]?
2T82.SI 4Tsysl\/ sys,Q ss T828 TSQSU
n y ys, y ys, vl (3.36)

The RMSE of estimated T, and T}, are the positive square roots of these equations.
They do not appear to simplify further, although the variances can be approximated

as 02 /2.

3.5.2 Plots

Figures 3.1 through 3.4 illustrate the bias (top), standard deviation (STD)
(middle), and RMSE (bottom) for estimated Ty, T, and T}, as functions of 2. The
analytic results (given using (3.25) through (3.27), (3.28) through (3.29), and (3.33)
through (3.36)) are plotted as solid lines. The Monte Carlo results are plotted as

symbols.
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Figures 3.1 and 3.2 were computed using Ty, Ty [17], Trx,;, and 7 values
typical of the innermost and outermost of the three Aquarius beams, respectively,
while Fig. 3.3 uses values typical of the Hydros radiometer. The particular values of
Ty, Trx,g, ATrx,1, and ATgrx g were chosen arbitrarily within their expected ranges.
All values are given at the tops of the figures. The Monte Carlo results were generated
as described above (Section 3.4.3).

The discrepancies between the analytic and the Monte Carlo results de-
crease as M increases. But it is difficult to increase M: generating a plot such as
Fig. 3.1 currently requires days of CPU time. Another option is to generate the Monte
Carlo samples using the Gaussian approximation (see Section A.3 in Appendix A).
That is, rather than generating samples of the electric field, samples of TIQ, TQM and
Ty, themselves are generated as Gaussian random variables, with the means, vari-
ances, and covariances summarized in Section 3.2. This method, though not quite as
exact, is many orders of magnitudes faster, allowing much larger M and more data

points. Examples of the results obtained thereby are shown in Figs. 3.4-3.5.

3.6 Insights from the Equations

With the forward model developed in this chapter, there are five sources
of error to be considered in polarization rotation correction: Ty, ATgrx ;, ATgx g,
ATgxy, and NEAT (manifested as o). In this section some effects of these error
sources are studied, using the equations derived above. Note that €2 influences the

expression of the error sources but is not an error source in itself.

3.6.1 The Insignificance of Ty,

Examining (3.18), we see that the first term is desired while the rest are
sources of bias. However, Ty is more than an order of magnitude larger than the

other components of (3.18); therefore we can neglect terms without T, resulting in

m? ~ Tg) + 2TQ(ATRX,Q cos 2€) — ATRX,U sin QQ) (337)
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Figure 3.1: Bias (top), STD (center), and RMSE (bottom) of T, T, and T}, as
functions of €2, with T, Ty, 7, and Trx ; chosen to be typical of the Aquarius = 28.7°
beam over ocean. The values of the remaining parameters (Trx.q, ATrx.1, ATrx 0,
and ATgx ) were chosen arbitrarily within expected ranges.
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Figure 3.2: Same as Fig. 3.1 except for the Aquarius § = 45.6° beam. (Different
choices of Trx o, ATgx,1, ATgx,g, and ATgyx y were also used, to demonstrate the
variety of possible behavior in the error.)
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Figure 3.3: Same as Fig. 3.1 except for the Hydros soil moisture sensing mission. (Dif-
ferent choices of Trx g, ATrx,1, ATrx g, and ATrx y were also used, to demonstrate
the variety of possible behavior in the error.)
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behavior in the error.)
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Figure 3.5: Same as Fig. 3.4 except that ATgrx 1, ATrx,g, ATrx,y are made small
compared to o, which is the result anticipated from careful post-launch calibration.
As a consequence, the dependence on {2 is weak in this figure.

29



This eliminates Ty from the equations, which suggests that natural Ty, is not a sig-
nificant error source in polarization rotation correction, at least at L-band.

We can numerically examine the significance of Ty as follows. We set the
unknown error sources (ATgx 1, ATgx,g, and ATgx ) to zero but retain o since it
is known. Then we plot RMSE as a function of natural 7y;. The results are shown in
Fig. 3.6 for typical parameters of Aquarius beams. The RMSE at Ty = 0 is due to
NFEAT through 0. We can discern that the error caused by natural Ty is negligible
compared to NEAT when |Ty| < 1.5 K.

Natural Ty is reported to have a maximum magnitude of about 1.5 K over
the oceans at intermediate and high wind speeds, 10.7 GHz, and an incidence angle
of 50° [23]. Extensive measurements at L-band have not been made, but one group
reports amplitudes of less than 1 K over wind-driven ocean [24]. These measurements,
combined with Fig. 3.6, suggest that natural Ty is not a significant error source for the
Aquarius mission. This further suggests that the error allocation for “Other (Wind)”
in the Aquarius error budget (on p. 8 of [14]) can be significantly reduced.

Plotted at the right of Fig. 3.6 are the results for typical parameters of a soil
moisture sensing mission such as the canceled Hydros mission. The short integration
time of the conical scanning radiometer results in NEAT being so large that the

effects of natural Ty, are negligible for |Ty| < 5 K.

3.6.2 The Optimal 2 Value

Examining (3.18) shows that near 2 = 0°, the effect of ATy g is amplified
compared to the effect of ATgx y, because of Ty being so much larger than 7.
Similarly, the effect of ATgx y is amplified near 2 = 45°. Consequently, if |[ATxrx ¢
is significantly larger than |[ATxxy|, then the RMSE of T, o is minimum near {2 =
45°. Likewise, if [ATgx ol is significantly smaller than |[ATgy ¢|, the RMSE of Tp, is
minimum near €2 = 0°. See Figs. 3.1-3.4 for examples.

If ATrx o and ATgx y have the same magnitude and sign, RMSE is min-
imum near {2 = 22.5°. If they have the same magnitude but opposite sign, RMSE is

minimum near 2 = —22.5°. But in all these cases, if the magnitude of both is less
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Figure 3.6: RMSE (from the analytically derived formulas) of TQ, T,, and T}, as
functions of Ty, with ATgrx 1, ATrx,q, and ATrx y set to zero. Ty, Ty, 7, and Trx 1
are typical of the Aquarius # = 28.7° beam (left), the Aquarius § = 45.6° beam
(center), and the Hydros soil moisture sensing mission (right).

than ¢/2 then RMSE is approximately constant with respect to Q (and is =~ o for
TQ), as illustrated in Fig. 3.5.

Because ATy g and ATy are unknown (at least until instrument fab-
rication and initial calibration), there is no basis for claiming a priori that RMSE
is better at any one value of () than at any other value. This should correct the
notion that it is best to sense the land or ocean at dawn because of low free electron
content in the atmosphere (and hence small 2), an assumption used in the design of
the Hydros mission. We note that there may be other good reasons for sensing at
dawn, such as the better known temperature profile of the atmosphere and planetary

surface.
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3.6.3 Negligible Error Contribution of PRC

If ATrx 1, ATgx o, and ATgx ¢y are reduced to insignificance through post-
launch calibration, then the overall RMSE reduces to the N EAT that exists regardless
of polarization rotation. To see this analytically, let ATrx ; = ATrx,g = ATgxy =0
and also let Ty = 0 since we know its effect is not large. Then m? reduces to Té, and

using a binomial expansion of (3.25),

Bias(Ty) ~ \Jo? + T3 — Ty =~ % (3.38)
Q

4

l

o

MSE of Tp ~ 02 4+ —
= RMSE of Ty J+4Tc22

(3.39)

L
9

The validity of these approximations is easily confirmed by numerical examples using
Aquarius and Hydros parameters.
Similar analysis shows that the RMSE of T » and Th reduces to o /2. Hence,

error allocation for ionospheric effects can be greatly reduced [14].

3.7 Conclusions

This chapter extends the forward model of polarization rotation to include
the random nature of radiation, radiometer channel noises, and (to first order) cal-
ibration. In particular, it derives the means, variances, and covariances of the first
three Stokes parameters, Ty, T, and Ty, (or their modified counterparts, T, T}, and
Ty) as measured by radiometers.

There are several known limitations to this forward model. First, it ig-
nores the uncertainties in channel gains which remain after the calibration process.
Second, it ignores antenna sidelobe contributions to the apparent brightness temper-
ature, which undergo a different amount of polarization rotation than the main beam
contribution. Third, it ignores the mixing of the scene Stokes parameters by the
antenna (i.e. the antenna cross-pol patterns). This chapter ignores these effects for
tractability and because their effects are projected to be smaller than those effects

which are included.
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Using the forward model just described, this chapter analyzes the errors
in using polarimetric measurements to correct for polarization rotation as proposed
in [1]. Closed form equations have been derived for the bias, STD, and RMSE of
estimated Ty (see equations (3.25)-(3.27)) and similar expressions for T, and T},.
These equations match numerical results obtained by Monte Carlo simulation of our
original electric field model. These equations are the key results of this work since
they allow more accurate error analysis and error budgeting than has been possible
previously.

This analysis indicates several things about the five sources of error. First,
the natural third Stokes parameter (of the magnitude expected at L-band for most
natural Earth scenes) is an insignificant source of error compared to NEAT (for
7 < 6 sec over ocean).

Second, the dependence of RMSE on rotation angle is determined by resid-
ual errors from the calibration process, ATrx g and ATxrx 7. Since these residuals are
unknown (by definition), I cannot predict the dependence of RMSE on rotation angle
(such as whether or not € = 0° is the optimum angle). But if post-launch calibration
reduces ATry o and ATrx y to the level of NEAT or less, then the dependence of
RMSE on 2 is weak.

Third, if ATgx 1, ATrx g, and ATgx ¢y are reduced to insignificance through
post-launch calibration, then overall RMSE reduces to the N EAT that exists regard-
less of polarization rotation. In other words, Yueh’s method reduces the error incurred

by polarization rotation to negligibility.
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Chapter 4

Optimal Estimation of Calibration Parameters

In the previous chapter, probability theory was used to improve analysis
of microwave radiometry. A probability theory-based approach can also improve the
usage of microwave radiometry measurements, as demonstrated by a Bayesian ap-
proach in this chapter. Specifically, a probability theory-based approach is the means
by which one can take full advantage of the redundancy in a set of measurements in or-
der to reduce the inherent uncertainty (noise) in estimates of radiometer parameters.
That is, probability theory enables optimal estimates.

The derivation of optimal estimates points the way to a fundamentally
better way of reporting estimates and the uncertainties in them. The optimal solution
to the estimation problem is a pdf for the set of radiometer parameters. The mean
of the pdf provides the best (minimum average error) numerical estimates of the
parameters. But the structure of the pdf provides much additional information: the
uncertainties in the estimates (variances) and the correlations between uncertainties
in pairs (covariances), triplets, etc. of the parameters. This information can be
preserved and transmitted by reporting the full pdf for a set of parameters.

Rather than reporting a full pdf for a set of parameters, current practice
in radiometry is often to report and use merely numerical estimates for parameters
(such as the mean of the pdf). At best, variances are also reported. Reporting and
utilizing a full pdf certainly requires more work. However, a purpose of this chapter
is to demonstrate the advantages of a full pdf and to mention options for reporting

and using it. This work is published as [5].
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4.1 Introduction

A polarimetric radiometer measures the intensity of thermal emissions in
at least three polarizations, represented by brightness temperature vector [T, T}, Ty]7 .

A simple forward model for the voltages recorded by one class of radiometer is

Uy G 0 0
o T, + 1)
Up 0 w0
= : Th + T2 ) (41)
Up G Gpn Gpu
Ty
Um va Gmh GmU

where the G, are radiometer channel gains while 7T} and T5 are the internal noises
(represented by an equivalent noise temperatures) generated by the radiometer.

Radiometer calibration is the process of estimating the G, T}, and T, so
that T, Ty, and Ty can be determined. Because the gains and noise temperatures
can change rapidly during operation, this calibration is interleaved frequently between
radiometer measurements of a scene. The calibration is accomplished by applying
“known” inputs (hot and cold loads of temperature Ty and T¢) and measuring the
voltage outputs of the radiometer.

Calibration of radiometers which measure the third Stokes parameter (77,)
requires an additional “known” input, Tey, which is split and fed into both the
vertical and horizontal channels so that the fluctuations in the electric fields of the
two channels are correlated (simulating a third Stokes parameter input). See Fig. 1
in [2]. This technique was introduced in [2], for microwave radiometers which use a
hybrid coupler to synthesize +45° linear polarizations from vertical and horizontal
signals. The noise-free forward model for the calibration measurements of such a
radiometer is given below (Section 4.2). The algebraic method of [2] for estimating
channel gains and temperatures using this noise-free forward model is summarized
below in Section 4.3.

In the remainder of this work, we improve on the method of [2]. In Section
4.4 we expand the forward model to include the noise in the measurements and then

solve the calibration problem using Bayes theorem rather than algebraically as was

36



done in [2]. This results in a probability distribution function (pdf) for the calibration
parameters.

This pdf itself is the best answer to the calibration problem and is explored
in Section 4.6. However in Section 4.5, we compare numerical estimates extracted
from this pdf with the algebraic estimates of [2]. We show that our estimates are op-
timal in the sense of minimizing root-mean-square-error (RMSE). They are unbiased,

and their RMSE is approximately half the RMSE of the algebraic estimates.

4.2 Calibration Forward Problem

The noise free forward model for a single cycle of the full (Case 4) polari-

metric radiometer calibration algorithm described in [2] can be written as

Uy, Up,H Uy, cH Uy CN va 0 0

Unhc  UnH  UncH Unen| | 0 G, 0

Upc  UpH UpCH UpCN Gp G Gpu
_Um,C' Um,H Um,CH Um,C’N_ _va Gmh GmU_

Te+Ty Tu+T Te+T To+3Ten +Th
X N\Te+Ty, Tp+Ty Tu+Ty Te+3Ton + T2 - (4.2)
0 0 0 +TeoN

This forward model is (1) in [2], with o,, os, 0p, and o, given by (8) in [2], and with
the vector [T, Ty, Ty replaced by the rightmost matrix in (4.2) in order to
describe calibration measurements.

The four columns of the rightmost matrix in (4.2) represent the brightness
temperature inputs used in the four types of calibration measurements (looks). The
top row has temperature inputs to the vertically polarized (v) channel, the second row
has inputs to the horizontally polarized (h) channel, and the third row has third Stokes
parameter inputs (representing correlation between the vertically and horizontally
polarized signals, Ty). .

We can describe the forward model as follows. On the left side of (4.2)

are the 16 voltages measured in one radiometer calibration cycle: for each of the
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four calibration looks (cold load, hot load, mixed load, and cold load plus correlated
noise load), the voltage outputs of the four polarimetric channels (v, h, p, and m) are
measured. On the right side of (4.2) are ten calibration parameters which are unknown
to some degree: eight radiometer gains plus two receiver noise temperatures 7 and
T5. For this work we pretend that Ty, Ty, and Ty are perfectly known. Optimal
estimation of them from thermometer measurements, on-ground calibration, and the
voltages on the left side of (4.2) is left for future work.

Various expansions of this model are possible. An additional column, the
vector [T, + T} T, +Ts T U]T, could be added to the right side, and a column
of corresponding voltages to the left side. This vector contains the brightness of the
scene under observation, whose estimation is the goal of radiometry. We have left
off these columns in order to simplify the problem, focusing only on estimating the
calibration parameters. However, our work can readily be extended to the larger
problem. Other possible extensions include (a) allowing for nonzero G, Gy, Gho,
and Gpy in the gain matrix, rather than approximating them with zeros as done
above (though this approximation is fairly accurate), (b) adding a small Ty term,
generated by the radiometer, to the last row of the temperature matrix, (c) retrieving
the radiometer hardware parameters that comprise the gain matrix entries rather
than the entries themselves (this is accomplished in Section 4.7), and (d) adapting
the method expounded in this work to other classes of radiometers, by using their

forward models in place of (4.2).

4.3 Algebraic Estimation (the method of [2])

Estimating the ten calibration parameters on the right side of (4.2) by the
method of [2] can be summarized as follows. It is algebraic, making no attempt to
model the noise in the measurements.

Gy 1s estimated using v, ¢ and v, g, which is the conventional cold/hot

calibration method of non-polarimetric radiometers. From (4.2), the equations for

38



these two voltages have the same form as equation (20) in [2], viz.,

Uy To 1 Gow
A= (4.3)
Uy H Ty 1| |GuTh
Solving for G,,, the estimate is
A Uy, H — Uy,C
L, = ol T e 4.4
Tu —Tp (4.4)
as in (21) of [2]. T} is estimated by solving the same equations for 7T}, yielding
a —T v T v
i = 2Ol T THC (4.5)
Vv, H — Uy,

Estimation of G, and 15 from vy, ¢ and vy, g is similar.
The gains Gy, G, and G,y are found from (41) in [2], reproduced here

(with o, expanded and the minor correction that G, is replaced by G,):

Up7c TC TC O 1 Gpv

Up,H _ TH TH 0 1 Gph (46)
"Up70 H TC TH O 1 GpU
| UpON | | To + sTen Te+ 3Ten £Ten 1| | GpoTh + GpaTa |

Note that this also follows from (4.2). To obtain G,,, Gpn, and Gy, both sides of
(4.6) are multiplied on the left by the inverse of the 4x4 temperature matrix. G,
Gumn, and G,y are found similarly, using the measurements vy, ¢, Vm g, Um.cm, and
Upn,ON -

Note that the matrix in (4.6) has a condition number (for the 2-norm) of
about 3000 (when we use load temperatures typical of NASA’s near future Aquarius
radiometer, T = 288 K and Ty = Ty = 800 K [25]). This suggests that noise in
the voltage measurements can disturb the estimates significantly. This may explain
why our optimal estimates of the last six gains are the most improved compared to
algebraic estimates (see Table 4.2). Also note that four of the available measurements,
Uy CH,s UpoN, Unhcn and vp oy, are not utilized in this method. Nevertheless, the

method of [2] works well.
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4.4 Posterior Pdf, p(m|v)

The algebraic estimation method sketched in the previous section is not
unique. For example, G, could also be estimated using

G Vo —VooH
VY T T~
Ty —Tc

(4.7)
A better estimate would be the average of (4.4) and (4.7), since the noise in each
estimate is somewhat different and is therefore reduced by the averaging. Information
on G, is also contained in the measurement v, ¢, and similarly with the other nine
calibration parameters. How can we combine all of the information in the voltages to
get the best estimates of the ten calibration parameters? The answer is to approach
the problem using probability theory, rather than algebraically. Using Bayes theorem,
a pdf can express all the information on a parameter. This information can come from
various measurements, from the noise-free forward model, and from a probabilistic
description of the noise [9]. Let v be the vector! of measurements (voltages) in (4.2)
and m be the vector of calibration parameters (the eight gains plus 7} and 73). Then
Bayes’ theorem tells us that the pdf for the parameters, given the voltages, is

p(v[m)p(m)

o) (4.8)

p(mlv) =

The pdf p(m) represents prior or external information on the model pa-
rameters. Several options are available for choosing an informative p(m). A uniform
pdf could be chosen, using known physical limits on each parameter. Measurements
of these parameters by means other than the calibration voltages could also provide
p(m). A third option is to use historical values of the parameters from measurements
of similar hardware. However, it is apparent in the results shown below that the cali-
bration voltages provide high quality information on the parameters even without the
use of an informative p(m). Therefore, for simplicity, we choose a non-informative

p(m) — namely, a “flat” pdf represented by an arbitrary constant?. The denominator

Wectors are denoted by boldface font in this chapter and are column vectors.
2The use of an arbitrary constant for a non-informative pdf can be considered the limit of a
uniform pdf as its support is extended without bound in all directions.
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of (4.8) is also a constant®, so that

p(m|v) = cp(v|m), (4.9)

where ¢ is a constant.

4.4.1 Pdf for the Voltages Given Parameters, p(v|m)

We now elaborate the probability distribution for voltages given a set of

calibration parameters, p(v|jm).

Noise Model

Equation (4.2) is a noise-free forward model for the 16 voltages from the
calibration parameters. However, the temperature inputs in the last matrix of (4.2)
are only mean values. Actual thermal emissions fluctuate. These random fluctuations
can be treated as Gaussian noise (commonly called NEAT') that is added to each
“true” (mean value) temperature in the forward model. Therefore a forward model

with noise included is

Uy,c UyH UyCcH Uy CN va 0 0

Unc  Una  UncH Unen| | 0 G, O 5

Up,C Up, H Up,CH Up,CN Gpv Gph C;1pU
UmC UmH UmCH UmCN | |Grmo G G |

Te+Tv+n Tp+Ti+ny Te+Ti+ns To+Ti+35Ton +nr
Te+To+mny Tg+To+ny Tu+To+ng To+Tr+ %TCN +ng| . (4.10)
0 0 0 TCN+n9

The noise term n; represents the total fluctuation away from T +7; during
the first calibration sub-cycle. It is zero-mean Gaussian noise with variance equal to

the mean temperature squared and then divided by the time bandwidth product,

(Te+T1)?

5~ (see Appendix B). ny through ng are similar?.

3For fixed v, the denominator of (4.8) is obtained by integrating the numerator of (4.8), thus
normalizing the right side of (4.8) so that [ p(ml|v) = 1.

4Caveat: in a more detailed model, the zeros on the last row would be small noise terms, no,
n11, and nig, representing the random amount of instantaneous correlation between the electric field
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The noise terms n; through ng are all independent of one another (and of n;
through ng) for one or both of the following reasons: (a) they originate from different
sources (the v channel hot and cold inputs, as well as the amplifiers producing 77,
are separate from the h channel inputs and the amplifiers producing T5) and (b) they
are realized during different calibration sub-cycles (i.e., are different realizations of
the noise, and the rapidity of the fluctuations means that the realization during one
interval is independent of the realization during the next interval). The noise terms
n7 through ng are not independent of one another since they are all originate (at least
in part) from the correlated calibration source; they are treated in Appendix B.4.

Even though n; through ng are independent of one another, there is corre-
lation among the voltages. For example, v, ¢ and v, ¢ are both functions of n; and
no and are therefore correlated. All the correlations that exist among the voltages
can be summarized in a covariance matrix C'. This C' is derived in Appendix B. As
a result, the probability distribution for v given m is a 16-dimensional Gaussian pdf,

with mean given by the right hand side of (4.2) and denoted g(m):

p(vjm) = = bv—a(m)T 7 (v—g(m)) (4.11)
(2m)1 |C| . '

Eigendecomposition of Singular C

The covariance matrix C' is a function of the calibration parameters, m.
Numerical calculations using arbitrary values for m show that although C' is 16x16,
its rank r is consistently only nine. From a theoretical standpoint, this corresponds
to the nine noise sources on the right hand side of (4.10).

Because C' is not full rank, it cannot be inverted. It also has 16 —r =7
eigenvalues with value zero so that its determinant |C| is zero. How do we evaluate

(4.11) in this situation?

in the v channel and the electric field in the h channel. But for simplicity, these small terms are
treated as zero in this work.
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Consider the eigendecomposition of C':

C= VAV = i 3| diag((As0)) | ! |, (4.12)

‘/2T
where the r = 9 columns of V; are eigenvectors with nonzero eigenvalues A; while
the seven columns of V; are eigenvectors with eigenvalues equal to zero; and diag(-)
is a diagonal matrix with the elements of the argument along its diagonal. Matrix

theory tells us that because C' is symmetric, V' = [V;V3] is unitary [26]. Therefore,

VT
Vv = | ' | v is a rotation of the voltages. Consider a partition of these rotated
‘/QT

voltages into y = V{'v and x = V] v. The covariance of x is

i
—_
w

Cov(x) = ((x—<x>)(x—<x>)T)

= (Vv < VIV )V v— < Vv >)T)

N
—_
S

= Vv <(v— <v>)(v-<v >)T> Va

—~ —~ —~~ —~
= ;
— —

(@] (@

N— N— S— N—

= Vi Cov(v)Va =V, CVa = [0]7a7,

where the last step follows from the fact that the columns of V5 are eigenvectors of C'
with eigenvalues equal to zero.

Because the variances of each of the x; are zero, x is a constant vector.
That is, for fixed m, x will be the same for any realization of the voltages.

In this subsection we consider m to be given. Therefore we can find C'
and then V5. We can also find the particular v = g(m) corresponding to the voltages
obtained when all nine noise sources happen to be zero. Therefore we can find x as
Vi g(m). Since x is constant for any realization of the voltages, then all realizations
of the voltages satisfy V, v = V,l'g(m).

This last expression is a constraint when evaluating p(v|m). It says that
the pdf is concentrated on a manifold (in the 16-dimensional space of voltages) defined
by Vi v = Vil g(m). For any v which does not satisfy this constraint (i.e., does not

lie on the manifold), p(vim) = 0.

This is also the singular value decomposition (SVD) of C. But since C is symmetric, the SVD
degenerates to an eigendecomposition, which is more convenient both numerically and analytically.
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Next consider the rotated voltages y = VIv. By the same steps as in

(4.16), we find that

‘/1T

Cou(y)

VeV =V [v; | diag(As0]) | ! | A (4.17)

‘/2T
= VlTvldiag(Al)VlTVl = diag(Al)a (4'18)

which is nonzero. This new covariance matrix is invertible and its determinant is the
product of the elements of A;. Therefore we can reduce the dimensionality of the
Gaussian pdf p(v|m) from 16 to r = 9 by using y and its invertible covariance matrix
in place of v and C. The mean of y is V' g(m).

In summary, we have rotated and partitioned our measurements v into
those which provide constraints (x) and those which provide a smaller dimensional

pdf (y), so that (4.11) can be rewritten® as

We—%(v—g(m))Tvl‘<dmg<A1>>*1~v1T<v—g<m>) if Vv = V{g(m)
77 i=144

p(vim) =
0 if Vyf'v # Vy/'g(m).

In Appendix C, we derive V5 analytically and show that the constraint

Vv = Vi g(m) reduces to

(Vp,cVn,H — Vn,cVp,1) (Vp,cVv, i — Vo,cUp,H)
G’pv = Gy P P , Gph = Gy Pt v i ) (4.21)
(Uv,CUh,H - Uh,C%,H) (Uh,CUv,H - Uu,cUh,H)
(¥ v, — U v v v — v
va o Gm;( m,C'Vh,H h,C m,H)’ Gmh _ th( m,C Vv, H v,C m,H)’ (422)
(Uv,cvh,H - Uh,CUv,H) (Uh,cvu,H - Uu,cvh,H)
- vathvv,C’N + Gthvvvh,CN - vathvm,CN
G = GpU . (4.23)
GpoGrnvy,on + GpnGuowtnon — GuGrrtpon
6The exponent can also be written
1
1 or T T | M T T
-5 (Vv = V' g(m)) ) (Vi'v — V' g(m)) (4.19)
Ao
9 1T 2
1 (VG )" - (v - g(m)))
=-3 Z x (4.20)



4.5 Maximum A Posteriori / Maximum Likelihood Estimation
4.5.1 Theory

In Section 4.4.1 we demonstrated how to calculate p(v|m), see (4.21). From
this we can find a distribution for the parameters of interest, p(m|v), by simply re-
versing the roles of input and output in the function and multiplying by a normalizing
constant, as shown in (4.9)7. (We will not attempt to find the constant c since it is not
necessary for finding estimates and since the pdf can be displayed in unnormalized

form.) Explicitly,

p(ml|v) = c o~ 3 (v—g(m))TVi-(diag(A1)) " V/T (v—g(m)) (4.24)
9
V @me T, A
if (4.21)-(4.23) are satisfied, while

p(m[v) =0

otherwise.

In general, the best answer to an estimation problem is a joint pdf on the
variables of interest [3], in our case equation (4.24). A joint pdf usually contains
much more information than merely reporting numbers and standard deviations for
the variables. This is illustrated in Section 4.6.2. The increase in computing power of
the last few decades enables us to begin to use pdfs (such as p(m|v)) as inputs and
outputs to algorithms, rather than simple estimates and their uncertainties. It is our
hope that science and engineering will move in that direction. In this section, however,
we follow tradition by reporting simple numerical estimates and their uncertainties
(RMSE).

From the joint pdf, p(m|v), which numbers should we extract and report
as estimates of the calibration parameters? Of all possible estimates of m from v, the
minimum mean-squared error (MMSE) estimate is the expected value (over m) of

p(m|v) [26]. Section 4.6.2 explains one way to calculate this expectation numerically.

"Due to the simplifying use of a constant for p(m), we recognize that p(m|v) is identical to the
likelihood function for m, given v.
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However, a shortcut is available. Marginal 1-D and 2-D pdfs for any pa-
rameter or pair of parameters can be obtained by integrating p(m|v) with respect
to the remaining parameters. Typical examples of these pdfs are shown in Figs. 4.1
through 4.4 (the generation of such figures is explained in Section 4.6). From such
examples it appears that p(m|v) is unimodal and symmetric in most (if not all) cases.
This is corroborated by the Gaussian structure of (4.24). These properties (unimodal
and symmetric) signify that the mean of p(m|v) is the same as its mode (at least as a
good approximation, if not exactly). Finding the mode turns out to be simpler than
finding the mean; therefore we use the mode as our primary estimate. We examine
the properties of the mode in detail in this section and return to consider the mean
in Section 4.6.2.

p(m|v) is often called the posterior distribution, since it is the distribution
for m after measuring data v. The mode of p(m|v) is the set of parameters, m, which
maximizes the posterior distribution. Therefore it is referred to as the maximum
a posteriori (MAP) estimate. In the current problem, since p(m|v) is equal to a
constant times p(v|m), the MAP estimate is equivalent to what is called the maximum
likelihood estimate, obtained by considering p(v|m) to be a function of m and finding
the m which maximizes it.

Finding the m which maximizes p(m|v) is a standard multidimensional
optimization problem. It is readily accomplished by a blackbox minimization algo-
rithm such as MATLAB’s fminsearch (though more advanced techniques could find
it with less computation). The search can be initialized using the algebraic estimate
of m (see Section 4.3). (Also, maximizing the log of p(m|v), rather than p(m|v)
itself, causes the search to converge more quickly, about 3x speedup in the overall
algorithm.) To limit the search to m which satisfy the constraint, we only search over
the five parameters G, Ghp, Gy, Th and T. When the other five are needed, they

are generated from the constraint equations, (4.21) through (4.23).
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Table 4.1: Gain-related parameters typical of an L-Band radiometer and used in
simulations
Radiometer hardware parameters

detector sensitivities,
Cv,y Chy Cp, and Cp, 450 V/W
channel amplifier gain, G; | 1.8e7 W/W

gain imbalance, g 1.585
scattering parameter, s 0.7
Qe 0.934

bandwidth, B 20 MHz

Resulting gains
Gy || 2.24e-6 V/K

Ghn | 3.55e-6 V/K

Gpy | 1.10e-6 V/K

Gpn || 1.81e-6 V/K

Gpu || 1.3le-6 V/K

Gmo | 1.14e-6 V/K

Gmn || 1.74e-6 V/K

Gmu || -1.31e-6 V/K

Note that the constraint equations dictate that estimates of G, and G,
are 100% correlated with estimates of G,,, estimates of G, and Gy, are 100% cor-
related with estimates of Gy, and estimates of G,y and of G,y are also 100% cor-
related. In other words, a MAP estimate of any gain in the gain matrix is 100%
correlated with the MAP estimates of the other members of the same column (see

Fig. 4.4 for an illustration).

4.5.2 Simulation and Results

To compare MAP estimates with algebraic estimates, we simulate the esti-
mation process as follows. Typical values of radiometer hardware parameters defined
in [2], obtained from [25] and Table I of [2], are shown in Table 4.1. These are used
in (17) of [2] to calculate typical values for the eight gains, G, also shown in Table
4.1.
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For typical T and 75 we use 310 K; these plus the eight G, in Table 4.1
are considered the “true” values in our simulations, my,,.. For T¢, Ty, and Ton we
use 288, 800, and 800 K, respectively. (These T, Ty, T¢, Ty, and Toy are nominal
values for NASA’s Aquarius radiometer [25].)

From the above parameters we next generate simulated voltages. As dis-
cussed in Section 4.4.1, we can find x as V' g(m). We also need realizations of y.
Since y is a linear combination of v, it is Gaussian as is v. We know that y has a
mean of V;/'g(m) and a covariance matrix of diag(A1) (see Section 4.4.1), so we can
readily generate random realizations of it by adding the mean to zero-mean Gaussian
noise with that covariance. Then with x and y in hand, we can form v by de-rotating
(left multiplying by V') since

y Vi'v

VIt =V =V (Viv) =WV v=v. (4.25)
X Vv

This can also be written to separate the voltages into their means and zero-mean

v = v =m W Vg(m) + N (0, diag(A)) (4.26)
X Vy g(m)

= W[V'g(m) + N (0,diag(Aq))] + VaVy g(m) (4.27)

= (ViV" + WaV5") g(m) + VAN (0, diag(Ay4)) (4.28)

where N (0, diag(A+)) is a vector of zero-mean Gaussian random variables with covari-
ance matrix diag(Aj). The voltages generated in this manner satisfy the constraint:

numerical tests show that ||V, v — Vl'g(m | < le—2T7.

true)|

With the simulated voltages, we then use the method of [2], as summarized
in Section 4.3, to algebraically estimate the ten calibration parameters. We repeat
this for 10° different realizations of the voltages (means stay the same, noise changes).
The bias of these 10° estimates is computed as the difference between their mean and

my,.. The standard deviation (STD) of these 10° estimates is also computed. Finally,

the RMSE of these 10° estimates is computed as the root-sum-square of the bias and
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Table 4.2: RMSE results for 10° estimates from voltages generated by typical my,e.
RMSE is given as a percent of the true parameter value.

l Parameter “ Goyo Ghhn [ Gpo Gph GpU [ Gmo Gmh Gmu [ T Ts l
RMSE of algebraic estimates (%) || 0.58 0.58 | 1.33 0.63 0.78 | 1.24 0.63 0.59 | 1.39 1.39
RMSE of MAP estimates (%) 044 043 | 044 043 0.21 0.44 0.43 0.21 1.05 1.18

Improvement Factor (row 1/row 2) 1.3 1.4 3.0 1.5 3.7 2.8 1.5 2.8 1.3 1.2

STD. (This is equivalent to RMSE= \/ <(If1 — mtme)2>, where the averaging is over
10° realizations of noise.)

This process is repeated for MAP estimates, and the results are compared.
For both estimation methods, and for all ten parameters, the bias is less than 0.01%
of the true parameter values (that is, 1 part in 10,000). The STD is therefore the
same as the RMSE, to four significant digits. In the first two rows of Table 4.2 we
report the RMSE for each method and for each of the ten parameters, as percentages
of the true parameter values. In the third row we report the factor by which the
RMSE of MAP estimates is lower than the RMSE of algebraic estimates®.

To summarize our results with a single number, we take the average of
these ten improvement factors. It is 2.04 — that is, the RMSE of MAP estimates is
about two times smaller than the RMSE of algebraic estimates.

To establish the accuracy of this number, the entire procedure of the last
four paragraphs was repeated 7 times to provide 7 estimates of the average improve-
ment factor. The average of these 7 numbers was 2.041, with a STD of 0.001. Also,
the results reported in Table 4.2 were the same (to two decimal places) in all 7 cases.

The cost for the increased accuracy of MAP estimates is an increase in
computation. On average, a MAP estimate requires 40,000 times more computation
than an algebraic estimate (this could be reduced if pains were taken to increase

the efficiency of the eigendecomposition, etc.). But MAP estimation is still quite

8A likely explanation for the assymetry in the RMSE of MAP estimates of T} versus those of T
is as follows. The variance of ns is smaller than that of ng because T < TH. Since ns is added to
Ty while ng is added to Ts, we end up with less uncertainty in 77 than in 75.
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tractable: as of this writing, a standard computer can perform a MAP estimate in

about 0.06 seconds, even without any optimization of the eigendecomposition®.

Improvement as a Function of my,,,

The improvement in accuracy of MAP estimates (over algebraic estimates)
is a weak function of my,.,.. If we repeat the above procedure for 100 different my,.,,
chosen randomly within expected ranges!® , we find that the RMSE of MAP estimates
is consistently the same as the values in Table 4.2. The RMSE of algebraic estimates
is slightly lower than the values in Table 4.2, resulting in an average improvement

factor that ranges from 1.86 to 2.03, with the mean being 1.90.

4.6 Sampling the Posterior Pdf

We now turn to exploration of the more complete answer to the calibration
problem, the posterior pdf p(m|v). If samples of p(m|v) are available, they can be
used to visualize the posterior pdf, to report it, or to calculate its mean, my;y/5g.
In this section we describe how to generate such samples and then use them for the

aforementioned purposes.

4.6.1 Sampling p(m|v) by the Rejection Method

Samples of the posterior pdf, p(m|v), can be generated by the well known

rejection method (a.k.a. acceptance-rejection sampling) [3] [27]. First, samples of

9The above results were obtained using MATLAB’s fminsearch’s default options: tolFun= 10~*
and tolX= 10~* (and with the default maxFunEvals = maxIter= 2000, these tolerances are consis-
tently achieved). When the options are changed in order to produce convergence to a more precise
peak (specifically, tolFun= 107! tolX= 107!, maxFunEvals = 10°, and maxIter= 10%), the aver-
age improvement in RMSE is a factor of 2.042 (for four runs of 10° estimates each) and the increase
in computation is 77,000. This demonstrates that the default precision is adequate.

¢, en, ¢p, and ¢,, are chosen independently from normal distributions with mean of 450 and
STD of 17 mV/mW. G is chosen from a normal distribution with mean of 18e6 and STD of 2.7e6
W/W; 10log10(g) is chosen from a normal distribution with mean of 0 and STD of 1 dB; s is
chosen from a normal distribution with mean of 1/ V2 and STD of 0.02/ \/5; o, 1s chosen from a
normal distribution with mean of 0.934 and STD of 0.01; and 77 and T5 are chosen independently
from normal distributions with mean of 310 and STD of 1 K. Also, T¢ is chosen from a normal
distribution with mean of 288 and STD of 0.5 K while Ty and Ty are chosen independently from
normal distributions with mean of 800 and STD of 2 K.
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Gy, Gy and G,y are proposed from independent, uniform distributions. These
distributions are centered on an initial guess such as the MAP estimate.

With the proposed G, G, and Gy coordinates, we next find proposed
Gphy Gmny Gpoy, G, and Gy coordinates from the constraint equations, (4.21)
through (4.23). Also, T} and T5 coordinates are proposed from independent, uniform
distributions centered on the initial guess. FEach set of ten proposed coordinates now
comprises one proposed sample of p(m|v), which we denote m,,.,.

Because the constraint equations were used, each m,,,, is a sample from a
uniform distribution over a region of the constraint manifold. Let the constant value
of this uniform distribution be denoted by k. In order to correctly generate samples

of p(m|v), we must accept each m,,,, with probability P where

om0k plm V)
P= mary, (p(m|v)/k)  mary, (p(m|v))’ (4.29)

The numerator of (4.29) is readily calculated using (4.24), with V; found
from a numerical eigendecomposition of C' and C' calculated from m,,,,. The de-
nominator of (4.29) is the peak value of p(m|v). The search for this peak is the
same search that finds the MAP estimate of m — that is, the denominator is simply
Py, plv).

In the rejection method just described, samples are proposed over only a
rectangular region (determined by the upper and lower bounds of the uniform 1-D
distributions) of the constraint manifold, rather than over the entire constraint man-
ifold (which has infinite extent). This effectively truncates p(m|v) to the rectangular
region. This is equivalent to using a 10-D uniform pdf p(m) in (4.8) that truncates to
the rectangular region. In other words, the above method adds external information
(even if it is false) that the true m definitely lies in the rectangular region. This is
a practical necessity when using uniform distributions to propose samples, since the

probability of accepting a proposed sample goes to zero as the rectangular region is
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enlarged in order to better cover the infinite extent of the constraint manifold. The
truncation is insignificant in the current problem however, see Section 4.6.2'1.

The bounds of the five 1-D uniform distributions of G, G, Gpu, 11 and
T, are somewhat arbitrary. Looser bounds cause less truncation but decrease the rate
at which proposed samples are accepted. A simple method of choosing the bounds is
to take the STD (= RMSE since bias ~ 0) of simulated algebraic estimates or MAP
estimates, given in Table 4.2, and let the bounds be a certain multiple of STD above
and below the MAP estimates.

Numerical note: the sampling process is much faster when all the G, (or
voltages) are scaled by an appropriate factor. A factor of 107 was used in generating

the Figures.

4.6.2 Using the Samples
Marginal Posterior Pdfs

Once we have a number of samples of p(m|v), we can immediately obtain
plots of the marginal (meaning one-dimensional) probability distribution for the ith
parameter by simply binning the ith coordinate values of the samples (we believe
that this follows from [3]). Some marginal pdfs obtained in this manner are shown in
Fig. 4.1.

Fig. 4.1 demonstrates that the marginal pdfs are symmetric'?. This verifies
the claim made earlier that MAP estimates (mode of marginal pdfs) are the same as
MMSE estimates (means of marginal pdfs). Furthermore, when MMSE estimates are
made, they have the same error statistics as MAP estimates, as given in Table 4.2
and Section 5.4.

Fig. 4.1 also demonstrates that the marginal pdfs are Gaussian (or at least

very nearly so). The Gaussians that are plotted have STD from the second line of

HTf Gaussian distributions were used to propose samples, then no truncation occurs but (4.29) is
more difficult to evaluate. Using Gaussians may be only slightly more difficult, and if successfully
implemented, it would also result in a much higher sample acceptance rate.

12Some assymetry appears in Fig. 4.1, but this assymetry is a consequence of the finite number of
samples used to generate the marginal pdfs. This assymetry diasappears as the number of samples
increases.
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Figure 4.1: Marginal pdfs for the eight radiometer gains and two noise temperatures,
along with various estimates of the parameters. The height scale is arbitrary, being
the number of samples in each bin. As we use more accepted samples to generate
the empirical pdfs, the heights increase and the empirical pdf matches the Gaussian
more closely.
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Table 4.2. Hence, each marginal pdf can be completely characterized by its mode

(the MAP estimate) and STD (= RMSE of MAP estimates, given in Table 4.2).

Additional Information in Joint Pdfs

Joint pdfs can convey many times more information than the marginal pdfs
that are extracted from them. For example, consider the two variables G,, and T,
whose joint posterior pdf'? is depicted in Fig. 4.2. The density of dots (samples of the
pdf) illustrates the probability density. This figure is made from the same samples
as Fig. 4.1.

The 2-D joint pdf in Fig. 4.2 contains significant correlation information.
For example, it shows that there is a fair chance that G, ~ 24.5 and T} ~ 311, but
almost no chance that G,, ~ 24.5 and T} ~ 304. If we had reported only the 1-D
marginal pdfs in Fig. 4.1, however, both possibilities would have been reported as
equally likely.

The current practice of reporting only the mean and variance for each
parameter is equivalent to reporting 1-D marginal Gaussian pdfs for the parameters
[3]. The only joint pdf that can logically be reconstructed from marginal pdfs is
the product of the marginal pdfs (this follows from [3]). An example of such a
reconstruction is shown in Fig. 4.3. All correlation information is lost, as well as any
non-Gaussian characteristics of the posterior pdf.

The situation is even more pronounced for the parameters in the current
problem whose estimation is 100% correlated (due to the constraint equations). For
example, a 2-D joint pdf of G, and G,, is shown in Fig. 4.4 (also made from the
same samples as Fig. 4.1 and Fig. 4.2). The pdf is completely concentrated along a
1-D line in the 2-D space. If only means and variances were reported, the appearance
would be similar to Fig. 4.3.

We have demonstrated that the most complete answer to an estimation
problem is a joint pdf, but how can a 10-D posterior pdf be reported? We can report

the equation for it, such as (4.24). A numerical alternative is to simply report a

13Given a particular set of voltages measured by a radiometer.
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Figure 4.2: Dots showing the G,, and T} coordinates of samples of p(m|v). The
density of dots illustrates the 2-D joint pdf p(G,,,T1|v). The samples are from the
same simulation that produce Fig. 4.1.
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Figure 4.3: Depiction of the 2-D joint pdf for G,, and 77 which conveyed by reporting
only means and variances — using means and variances of samples in Fig. 4.2. Com-
parison with Fig. 4.2 shows the loss of information which occurs by reporting only
means and variances.
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Figure 4.4: Dots showing the G, and G, coordinates of samples of p(m|v). The
density of dots illustrates the 2-D joint pdf p(Gyy, Gpy|V).
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large number of samples of the pdf because most, if not all, calculations done with a
posterior pdf can be done using these samples [3]. Finally, a very succint alternative
is available when a multidimensional pdf is sufficiently Gaussian, as in the present
case. In such cases, all of the information can be conveyed by a vector of means
and a covariance matrix. For example, the correlation matrix for samples of p(m|v),

calculated from samples like those displayed in Fig. 4.1 and Fig. 4.2, is

[ 1.00 0.04 100 004 022 1.00 0.04 -0.22 —-0.96 —0.02-
0.04 1.00 004 1.00 013 0.04 100 -0.13 —-0.03 —0.96
1.00 0.04 100 004 022 100 0.04 -0.22 —-0.96 -0.02
0.04 100 0.04 1.00 0.13 004 1.00 -0.13 —-0.03 —-0.96
022 013 022 013 1.00 0.22 0.13 -1.00 —0.17 —0.08
1.00 0.04 1.00 004 022 100 0.04 -0.22 —-0.96 -0.02
0.04 100 0.04 1.00 0.13 004 1.00 -0.13 —-0.03 —-0.96

-0.22 -0.13 -0.22 -0.13 -1.00 -0.22 -0.13 1.00 0.17 0.08
-0.96 -0.03 —-0.96 -0.03 —-0.17 —-0.96 -0.03 0.17 1.00 0.02

—0.02 —0.96 —0.02 —0.96 —0.08 —0.02 —0.96 0.08 0.02 1.00
(4.30)

This provides the important information found in Fig. 4.2 and Fig. 4.4 but not in
Fig. 4.1 or Fig. 4.3 — for example, that the 2-D pdf for G,, and T} has a correlation
coefficient of -0.96.

As a final note: the relative amount of information preserved by various
joint pdfs can be compared quantitatively by calculating the entropy of such pdfs.
For example, the joint pdf in equation (4.24) has much less entropy than a joint pdf

which is reconstructed from marginal pdfs for the parameters.
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MMSE Estimation

Another use for the samples of a distribution is in calculating its expected

value. As mentioned above, this expected value (mean) is the MMSE estimate of m,

[y mip(m|v) dm

[y mep(m|v) dm

myvse = Em(p(m|v)) = . (4.31)

[, muop(m|v) dm

where M is the 10-D space of the ten calibration parameters. For example, to estimate

GU’U ’

M MMSE :/ mip(m|v) dm (4.32)
M

and similarly for the other nine parameters. Equation (4.32) could be evaluated using
a quadrature rule. But it can also be numerically implemented by generating samples
of p(m|v) and then simply taking the mean of the m; coordinate of those samples.

As the number of samples increases, this procedure converges to (4.32) [3].

4.7 Information on Hardware Gain Parameters

As a tangential but useful extension of the previous results in this chapter,
we can use the probabilistic method developed above to obtain information on the
radiometer hardware parameters that comprise the eight gains G,,. The definition of
these gains in terms of hardware paramters, found by comparing equations (1) and

(17) in [2] with one another, is reproduced here:

va 0 0 Cle 0 0
0 G 0 0 G 0
hh _ 1B ChG2
Gpw Gun Guu cps*Gy (1= 8*)Gy sVl — s2a./G1Go
Gow Gmn Gou cm(1l — sH)Gy cms?Ga —cmsV1 — s2a./G1 G

(4.33)
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4.7.1 Analytical Results

By replacing the eight G, in (4.24) with their component definitions on
the right side of (4.33), we immediately obtain the joint posterior pdf for the eight
hardware gain parameters (G, Ga, ., ¢y, Ch, Cp, Cm, and s) plus 77 and T,. (The
bandwidth B could also be considered a parameter, but for this work we treat it
as a known constant. The parameter k is Boltzmann’s constant.) For brevity, we
simply summarize our discoveries about this pdf. Details of the derivations are given
in Appendix D.

First, the transformed constraint equations dictate that the parameter s is

uniquely determined by the measured calibration voltages:

(4.34)

_ |AD +ADBC
5= AD — BC

where

Up,cVh,H — Un,cVp,H,

Um,cVv,H — Vy,0Um,H,

Up,0VUy,H — Uy,CcVUp,H,

Q © O =
Il

Um,cVh,H — Uh,CUm H-

It is worth noting that this closed-form solution for s fell out of the equations devel-
oped for a probabilistic estimation of the parameters. If a simple algebraic approach
had been attempted, the closed-form solution may not have been found, as (4.34) is
a rather complicated function of the measured voltages.

Another remarkable fact is that there is no uncertainty in this estimate for
s — it is not affected by NEAT. (In simulation therefore, this estimate is the exact
value of the true s; but in reality, any uncertainties not captured by our model in
(4.10), such as imperfect knowledge of T¢ and Ty, will cause this estimate to have

some error.)

1The G, are found both in m and in the constraint equations.
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The constraint equations also dictate that ¢y, ¢, and ¢, are constrained

ch = Cu\f , (4.35)
= ¢

AC
BD
VA
e (x/AD - \/BC> , (4.36)

as follows:

Cm = —Cy E\/\/% (\/E — \/B_C'> : (4.37)

where £ = v, cUp, g — U0V, m. One interpretation of these equations is that the ratio
of any two c, is perfectly resolved — it is equal to a function of the measured voltages.
Finally, the remaining four hardware gain parameters (Gy, G2, a., and

¢,'9) are unaffected by the constraint equations.

4.7.2 Numerical Results

Additional information on the hardware gain parameters is readily ob-
tained by examining samples'® of the posterior pdf for them. In the first place, the s
coordinate of the samples has no variance, confirming the analytical conclusion above
that estimation of s is unaffected by NEAT.

The samples can readily be used to plot pdfs for pairs of the hardware
parameters, as shown in Fig. 4.5. These plots reveal several characteristics.

First, an intuitive “conservation of information” principle would suggest
that the ability to perfectly resolve s must be compensated by a lack of ability to
resolve other parameters. This is indeed the case: As shown by Fig. 4.5, ¢,, G1, and
G5 cannot be individually resolved. We can only resolve their pairwise products!.

Marginal pdfs for ¢,, G, and G5 are essentially uniform!s.

15Note that (4.35) through (4.37) can be rearranged to put any three of the c, in terms of
the remaining one; thus any one of the ¢, can be considered unconstrained with the remaining
three tightly constrained via such equations. ¢, has been chosen arbitrarily to be considered the
unconstrained parameter in this work.

16The method for producing these samples is very similar to the method described in Section 4.6.

"For example, ¢, is resolvable — as shown by (4.33), it is (kB)™! times G, and G, is well
resolved by either the algebraic method or probabilistic method discussed earlier in this chapter.

18These uniform marginal pdfs are only limited by prior knowledge. However, if we have tighter
prior knowledge on one parameter, say on c,, then good resolution of a product such as ¢,G;1 can
cause tighter bounds on the other parameter, G;. This effect can be seen in several subplots of
Fig. 4.5.
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Figure 4.5: Two-dimensional pdfs for the four unconstrained radiometer hardware
gain parameters (G7, Ga, a., and ¢,) and two noise temperatures (7} and T3). The
density of dots illustrates the pdfs, whereas asterisks show the location of the true
parameter values. The bounding boxes show the bounds of the uniform pdfs from
which samples were proposed. These plots illustrate that it is only possible to obtain
useful estimates of the hardware gain parameter «, (in addition to s which is not

illustrated).
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A second observation is that a, is resolved well. The average RMSE of
MAP estimates of a, is 0.33 %, whether using the typical values given in Table 4.1

or randomized values for the true hardware parameters.

4.8 Conclusion

This chapter demonstrates the advantages (and drawbacks) of estimating
calibration parameters via a probabilistic approach rather than a conventional alge-
braic approach. The first advantage of the probabilistic approach is a reduction in
error. By exploiting statistical knowledge of measurement noise using Bayesian esti-
mation, the RMSE of parameter estimates is reduced by a factor of two compared to
estimation without such knowledge.

This work also illustrates the principle that much more information can
be conveyed by a probability distribution for a set of parameters than by simple
estimates comprised only of marginal means and variances. In particular, valuable
covariance information is conserved via multidimensional pdfs. The generation and
utility of samples of such pdfs has been demonstrated.

Finally, this work shows that a probabilistic approach reveals valuable
information on the eight hardware parameters that comprise the overall channel gains
in the class of radiometer which is analyzed in this work. The probabilistic approach
provides accurate solutions for two of these parameters. An algebraic approach to
such solutions would be difficult if not intractable. For the other six parameters,
the probabilistic approach demonstrates that only products or ratios of pairs of the
parameters can be resolved.All of these results are valuable for diagnosis of radiometer
anomalies.

Most of the principles employed herein are well known in estimation the-
ory. However, this work is their first published application to microwave radiometer

calibration.
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Chapter 5

Adaptive Inference of Polar Air Temperatures

In the previous two chapters, probability theory was used to improve the
analysis and usage of microwave radiometer data for situations which are well modeled
by a forward model. This chapter considers a problem for which a solid forward model
does not exist and an empirical inversion is therefore advantageous.

The previous empirical solution to the problem involved fitting a sinusoidal
curve to training data and using this curve to estimate desired parameters from
available measurements. As in previous chapters, a better solution to the inverse
problem is possible through a probabilistic approach. This approach is to use training
data to form an empirical pdf which relates measurements to the desired parameter.
This solution is not only more accurate than the curve-fitting solution (especially as
the amount of training data increases) but is also significantly more robust because
an empirical pdf is more adaptive or flexible than a simple curve. This additional

adaptability enables the pdf to capture an additional physical phenomenon.

5.1 Introduction

Antarctica and Greenland represent 11% of the Earth’s land surfaces, so
measuring temperature there is of some importance to weather forecasting and cli-
mate prediction. However, weather stations to monitor such areas are quite sparse in
both time and spatial distribution due to the high costs of deploying and maintain-
ing stations on barren ice sheets. Consequently, the feasibility of retrieving surface

temperature from satellite measurements has been investigated by several groups [28]
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[29]. Polar orbiting satellites are well suited for this since their orbit geometry permits
them to measure both polar regions many times each day.

Satellite records can also be very dependable. For example, the Advanced
Microwave Scanning Radiometer for the Earth Observing System (AMSR-E) has
provided a measurement record that is essentially unbroken since 20 Sep 2002. In
contrast, weather station records for the interior of Antarctica are plagued with gaps
(with the exception of south pole stations, which are not considered in this work
because orbit geometry prevents most satellites from observing the poles). In this
chapter AMSR-E data is used to retrieve near-surface air temperature in Antarctica.

The state of the art in retrieving near-surface air temperature T from
microwave emissions is a technique described by Shuman et al. [29]. This method,
along with infrared methods, is summarized in Section 5.2. In Section 5.3, we expound
an adaptive method with probability theoretic underpinnings which provides more
accurate estimation of 7" from microwave emissions. Performance of the two methods
is compared in Sections 5.4 and 5.5. Conclusions and future work are discussed in

Section 5.6.

5.2 Previous Methods

In this section we review previous methods of retrieving air temperature
over ice sheets from satellite measurements. These methods can be classified as either
infrared or microwave.

Satellite measurements of infrared emissions can be used to retrieve surface
temperature quite accurately under clear sky conditions [30, p. 6-7]. Unfortunately,
this method cannot retrieve temperature where clouds are present, and clouds typ-
ically cover a major portion of Antarctica. Furthermore, good cloud discrimination
cannot be achieved during darkness. The combination of these two effects undermines
infrared temperature retrieval for more than half of every year.

Although satellite measurements of microwave emissions have poorer res-
olution than infrared measurements, at certain frequencies such as 37 GHz they are

largely unaffected by atmospheric conditions [6, p. 20-21] or darkness. Shuman et
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al. [29] compare ground truth T with 37 GHz vertically polarized (v-pol) brightness
temperature B as measured by the SSM/I instruments. They find that the familiar
relationship

B =¢€T (5.1)

can be used to find a reasonably accurate estimate of T" from B if the effective emissiv-
ity € of the surface is modeled as a sinusoidal function of day of year (DOY), denoted
€sinus(DOY), with a period of one year.

The mean, amplitude, and phase of Shuman et al.’s[29] sinusoidal emissiv-
ity €sinus are determined empirically as demonstrated in Fig. 5.1. A time series of
B data (black in upper plot) is divided by a coincident T time series (blue in upper
plot), yielding an empirical emissivity time series (red in lower plot). The particular
sinusoid which minimizes the root-mean-square error (RMSE) between the time se-
ries and the sinusoid becomes €g;,,,s, as shown by the dashed line in the lower plot of
Fig. 5.1. With this emissivity €snus(DOY) in hand, estimation of T at times when
only B and DOY are available is

T = B/ésinus(DOY). (5.2)

Application of this method in Greenland by Shuman et al. shows that this
method achieves a good estimate of smoothed daily temperatures. In Section 5.4 we
apply this method to three Antarctic sites and obtain similar results. Hereafter we
refer to this method as the sinusoidal method.

Shuman et al. suggest that the cycle in empirical emissivity is due to a
seasonal cycle in the actual emissivity of the ice. While this may be true in part, the
cycle may also be a hysteresis effect caused by heat flow to and from deeper ice layers.
Since deeper layers have a more constant temperature than the surface, heat flows
upwards during the cooling season (roughly February through May). This causes the
surface ice to be warmer than the air, which is manifested as an apparent increase in
emissivity. In the warming season (roughly August through November), the reverse
occurs. The possibility of this effect is consistent with heat flow comments in the

introduction of Surdyk [28], in which it is also noted that a pioneering study using a
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radiative transfer model by Zwally [31] indicates that the annual emissivity is nearly

constant.

5.3 Pdf Method

We desire to use satellite measurements of microwave earth emissions B,
together with DOY information, to obtain the best possible estimates of near-surface
air temperature 7. We concur with Shuman et al. in the conclusion that formulating
a geophysically based forward model of B from T and then inverting it to obtain
T from B is very difficult because of the multitude of parameters in such a model
which are difficult to know (such as ice grain size and geometry, layer thicknesses,
heat flow in the firn, and thermal effects of wind pumping), although this approach is
considered in [28]. We instead seek to empirically determine the relationship between
T, B, and DOY, using coincident records of these three variables.

The sinusoidal emissivity model discussed in Section 5.2 is reasonable. But
if an empirical relationship is to be derived, why should it be constrained to a sinu-
soidal function? The simplicity of a sinusoid is attractive, but a more flexible rela-
tionship achieves greater accuracy. Deriving a more accurate relationship is the task
accomplished in this section. We refer to this method as the probability distribution

function (pdf) method, for reasons that become apparent.

5.3.1 Estimating 7 from B only

We begin by demonstrating how the pdf method estimates 7" from only B
information. Consider the three years of coincident T" and B data for an Antarctic
weather station which are plotted in Fig. 5.2. The coordinates of each point are the
average T for a day and the average B for the same day (see Appendix E for details on
the datasets used). This plot shows the empirical information which we have about
the relationship between 7" and B at this location.

An intuitive description of the proposed pdf method is as follows. For
a particular satellite measurement denoted B, such as B = 180 K, the density of

the points in Fig. 5.2 along the line B = 180 can be viewed as p(T|B = 180), a
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probability distribution function for T given the knowledge that B = 180. This pdf
itself is the most complete information on 7', given the input B and the empirical
relationship depicted in Fig. 5.2. Numerical estimates of T' can be chosen based on
p(T|B): choosing the mean of p(T|B) provides the minimum mean squared error
(MMSE) estimate of T, given p(T|B) [20, p. 175].

In more precise terms, the proposed method solves an inverse problem
(obtaining T" from B) using probability theory. We follow the exposition of Tarantola
[3, Ch. 1], which is similar to Bayes’ theorem but more general and complete. The
points plotted in Fig. 5.2 can be considered to be samples of our best available estimate
of the joint theoretical pdf of B and T, which we denote ©;(b,t) (see [3, section
1.3]). This pdf captures our empirical knowledge of the relationship between B and
T.! Satellite measurement information, together with its uncertainty, is captured
in another pdf, denoted by pp(b) (see [3, section 1.4.1]). We model this pdf with a
Gaussian pdf whose mean is a particular satellite measurement B and whose standard

deviation (STD) is o, that is, pg(h) = —=—=e~=B)*/(29) Then? the output of the

oV 2T

pdf method is a marginal pdf for 7', denoted or(t), that is found as follows:

or(t) = k / pi(b) ©1(b,t) db, (5.3)

where k is an unknown constant and the integration is carried out over all values of
b.

In words, we multiply the joint distribution ©,(b,¢) depicted in Fig. 5.2 by
the measurement information pp(b), so as to select the area near the line B = B. A
depiction of the two pdfs is given in Fig. 5.3. Multiplying the two pdfs combines the
information in them. Then we integrate the resulting 2-D pdf to obtain the marginal
pdf o7 (t) which represents our best information on 7. The MMSE estimate and its
variance can then be calculated from op(t) (although in general, an estimate and its

variance only summarize the information contained in a pdf such as op(t)). Also

L Although © (b, t) is subject to change on a scale of years or decades, we neglect this phenomenon
in this work.

2I assume arbitrary constant (i.e., flat) distributions for the remaining distributions in Tarantola’s
formulation [3, Eq. (1.84)]. Such constant distributions are arguably non-informative (do not add or
remove any information from the problem) — see Example 1.15 of [3]. More informative distributions
could be selected, but I leave this for future work.
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Figure 5.2: All coincident 7" and B measurements (daily averages) at Antarctic au-
tomatic weather station 89828.
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Figure 5.3: Overlay of samples of the two pdfs ©;(b,t) (blue) and pg(b) (green)
which are multiplied together and then integrated along the B dimension to obtain
the marginal pdf or(t) shown in Fig. 5.4.
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note that op(t) is called the posterior pdf for 7" and is essentially equivalent to the
pdf p(T'|B) in a simple Bayesian formulation.

To numerically carry out the operations in (5.3), we start with all avail-
able samples of O1(b,t) (that is, the available coincident T and B data displayed in
Fig. 5.2), weight their T' values using pp(b), and then add the weighted T" values
within a bin centered at T' = ¢ to find the value of o7(#).> An example of the op(t)
obtained in this manner is shown in Fig. 5.4, for a measurement value B of 180 K

with an assumed STD o of 1 K.

5.3.2 Full Pdf Method: Estimating 7' from both DOY and B

The sinusoidal method referenced previously employs DOY information
by making emissivity a function of DOY. The proposed pdf method utilizes DOY
information in the same manner that it uses B data. A pdf pp(doy) is used to convey
the DOY on which we desire a T estimate. A Gaussian pdf is used, with STD op
and centered at the known DOY on which we wish to estimate 7. DOY and B

information are used together to estimate T as follows:

or(t) = k / / po(doy) pu(b) ©(doy, b,t) ddoy db. (5.4)

Given a particular measurement of B (denoted B) and the DOY associated

with that measurement (denoted DOY'), (5.4) in more explicit form is
or(t) = ks / / ¢~ (doy=DOY)?*/(20) o=(0=B)*/29%) ©(doy, b, t) ddoy db, (5.5)

where the scaling coefficients in the Gaussian distributions have been absorbed into
the constant ky. This is the posterior pdf for average air temperature 7" at the site

where B was measured on day DOY .

3 After repeating this for all desired values of ¢, the results can be normalized so that or(t)
integrates to one, as is proper for a pdf. This is equivalent to finding & in (5.3).

4If the relationship between DOY and T' did not change from year to year, then pp(doy) could
have all its mass concentrated at a single point, since the DOY is usually known with complete
certainty. But to allow for fluctuation and/or evolution of this relationship, the DOY information
is modeled by a non-singular pdf.

72



This method depends upon two parameters in particular: o and op. The
STD op characterizes variability in air temperature for a fixed DOY as a function of
year. For the STD o, we note that the AMSR-E sensor builders report 0.6 K as the
sensitivity of 37 GHz measurements (see the description found at the website
http://www.ghcc.msfe.nasa.gov/AMSR /instrument_descrip.html). This can be con-
sidered a lower bound on measurement error o since there are additional error sources
for which it does not account (e.g., decorrelation between the surface temperature pro-
ducing B and air temperature 7', azimuth modulation effects [32], and the fact that
the AMSRE footprint covers many square kilometers rather than only the point at
which the station lies).

The performance of the pdf method depends on the choice of ¢ and op.
The sensitivity of this choice is explored in section 5.4.1. An adaptive method for

using training data to choose o and op is explained in section 5.4.2.

5.4 Application at Three Inland Antarctic Sites

In this section we assess the performance of the pdf method described in the
previous section. We compare its estimates with estimates obtained by the sinusoidal
method of Shuman et al.

At each of three stations in the interior of Antarctica, three years of quality-
controlled concurrent 7" and B records have been gathered (see Appendix for details).
These records are the top three subplots displayed in Fig. 5.5.

In Section 5.4.1, a single year of concurrent records from a given site is used
to train both the sinusoidal and the pdf method. The methods are then tested on the
other two years of concurrent records at the given site. The results are compared at
each of the three sites. In Section 5.4.2, two years of concurrent records are used to
train both methods, while the remaining year is used to test the performance of the

two methods at each site.
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5.4.1 One Year of Training Data
Sinusoidal Method

To train the sinusoidal method, a brute force numerical search is made to
find the sinusoidal emissivity with period 365.25 days which minimizes the RMSE
between T estimated from B and the true T, over a period of concurrent 7" and B
data. For example, at station 89828, the minimizing emissivity for the first year of

concurrent data is

2
e = 0.844 + 0.0278 sin ((t . 22.3)36;25) , (5.6)

where ¢ is in days.
As other examples, the minimizing emissivities for the first year of concur-

rent data at stations 89813 and 89606 are

€ =0.923 + 0.0077sin ((t — 33.6)525) and (5.7)
e = 0.761 + 0.0155sin (¢ + 22.2)525:) (5.8)

respectively.

Such sinusoidal emissivities are then used to estimate 7" from B for the
other years of concurrent data at each station. By using all permutations of training
year and test year, six tests are possible at each of the three sites. The RMSE between

these estimates and the true 7' is given in Table 5.1.

Pdf Method

When the pdf method is used for the same training and test data, the
estimates depend on the o and op used. As discussed above, we have a lower bound
of 0 = 0.6 K for AMSR-E 37 GHz data but no established value for op. In this
subsection, both of these STDs are left as free parameters, with the performance of
the pdf method given as a function of them.

To illustrate these dependences, the RMSE of the pdf method is calculated

for o values from 0.6 to 2.4 K in steps of 0.1 K and op values from 1 to 60 days. This
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Figure 5.4: Marginal pdf for T" obtained from the 2-D pdfs represented in Fig. 5.3.

Table 5.1: RMSE for T using the sinusoidal method at three stations in the interior
of Antarctica, with 1 year of training data and 1 year of test data.
Station | Station | Station

89828 | 89813 | 89606
Year 1 = training, year 3 = test | 5.7 K 3.6 K 4.3 K
Year 2 = training, year 3 = test | 5.0 K 25 K 4.3 K
Year 1 = training, year 2 = test | 6.4 K 22K 4.3 K
Year 3 = training, year 2 = test | 6.3 K 24 K 4.4 K
Year 2 = training, year 1 = test | 5.0 K 21K 3.9 K
Year 3 = training, year 1 = test | 5.1 K 34 K 41K

Average at each station: | 5.7 K | 27K | 42K

Average over all stations and tests: 42 K
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is done separately for each of the 18 possible tests. The results at stations 89828,
89813, and 89606 are shown in Fig. 5.7-5.9, respectively. The contours in these plots
show the improvement in RMSE which is achieved by the pdf method, in mK relative
to the sinusoidal method, as a function of ¢ and op.

These results indicate that with only one year of training data, the pdf
method (with o and op chosen somewhat blindly) achieves better performance than
the sinusoidal method at station 89828 (Dome C). At station 89813, the two methods
show similar performance. At station 89606, the two methods also show similar
performance. The precise results vary with the particular years used for training and
testing.

An average of the improvement over all 18 tests is shown in Fig. 5.10, as a
function of ¢ and op. It reaches a maximum improvement of 0.134 K at 0 = 1.4 K
and op = 19 days. This is an improvement of 3.2% compared with the 4.2 K RMSE
which is the average (over the 18 cases) RMSE of the sinusoidal method. Fig. 5.10
also suggests that on average, the pdf method has lower RMSE over a large range of
o and op — roughly over the Cartesian product of o = 0.6 to 2.4 K and op = 10 to
50 days.

5.4.2 Two Years of Training Data

In the following we evaluate and compare the performance of the two meth-
ods when two years of training data are available at a site. The sinusoidal method is

considered first, followed by the pdf method.

Sinusoidal Method

For the sinusoidal method, the training is the same as with one year of
training data except that a minimizing emissivity is found over a two year dataset.
The RMSE that results when applying this method to each year of concurrent data
at each site are found in Table 5.2 (graphical display of this information is provided

in Fig. 5.11). Comparison with the results from only a single year of training (Table

78



training=yr 1, test=yr 2 training=yr 1, test=yr 3

20 30 40 50 60
g, (days) o, (days)

training=yr 2, test=yr 1

VAL

10 20 60 10 20 30 40 50 60
g, (days) o, (days)

training=yr 3, test=yr 1

——
2
15
1
Q
N, SN
10 2 30 4 50 60

g, (days) g, (days)

o (K)

Figure 5.7: Improvement in RMSE of the pdf method, in mK relative to the sinusoidal
method, at station 89828, as a function of ¢ and op. Each pane is for a different
combination of training and test year.
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Figure 5.9: Improvement in RMSE of the pdf method, in mK relative to the sinusoidal
method, at station 89606, as a function of ¢ and op. Each pane is for a different
combination of training and test year.
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Table 5.2: RMSE results of the sinusoidal method and the pdf method with two
years of training data and one year of test data at each of three sites in the interior
of Antarctica. The o and op used in the pdf method are chosen by testing the two

training years on one another and finding the parameters which maximize
performance.
RMSE between Estimates and True (Station) Temperatures

Station | Station | Station Station Station
89828 | 89813 | 89606 89022 89002
Years 1 & 2=training,
year 3=test:
Sinusoidal method (K) 5.5 3.0 4.3 7.2 11
Pdf method (K) 4.6 2.6 4.3 5.9 5.6
Improvement (%) 17 15 2 17 48
Years 1 & 3=training,
year 2=test:
Sinusoidal method (K) 6.3 1.7 4.4 12 32
Pdf method (K) | 5.6 1.7 4.1 9.5 6.5
Improvement (%) 10 4 6 19 80
Years 2 & 3=training,
year 1=test:
Sinusoidal method (K) 5.1 2.7 4.0 5.9 21
Pdf method (K) | 4.8 2.7 4.0 5.7 5.2
Improvement (%) 5 -1 -2 3 76
Ave. improvement (K) | 0.61 0.16 0.08 1.2 15.6
Ave. improv’t by area | inland: 0.3 K (7%) coastal: 8.4 K (57%)

5.1) indicates that the sinusoidal method does not benefit significantly from a longer

training period.

Pdf Method

In contrast to the sinusoidal method, the pdf method can benefit signif-
icantly from an additional year of training data. The additional year enables an

intelligent choice for o and op as follows.
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Figure 5.11: Bar graph of same information as in Table 5.2.
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For a fixed choice of ¢ and op, two tests are performed: 1) one using the
first year of training data for training and the second year for testing, and 2) the
other using the first year of training data for testing and the second year for training.
The total RMSE of these two tests is calculated.

This entire process is repeated for many different choices of ¢ and op,
over large ranges of possible values. The choice which minimizes the total RMSE
becomes the final choice of ¢ and op which is used to estimate the third year of data.
(Figs. 5.12 — 5.14 include the values selected by this process for each particular site
and set of training years.)

The resulting RMSE results are given in the first three columns of Table
5.2 and are graphed in Fig. 5.11. At the inland sites, the pdf method achieves an
average RMSE that is 0.3 K (7%) lower than the average RMSE of the sinusoidal
method. These results demonstrate that the pdf method is an improvement over the
sinusoidal method, at least on the plateau of East Antarctica. Comparisons of true
air temperatures with the two estimates are shown in Figs. 5.12-5.14, along with the

o and op values selected by the pdf method.

5.5 Application at Two Coastal Sites

To demonstrate the agility of the pdf method, this section applies the
method at two coastal Antarctic sites. 1" and B data at these sites (Halley, station
89022; and Neumayer, station 89002) are much different from data at inland sites.
Plots of T', B, and the associated empirical emissivity at these two stations are given
in the lower two panes of Figs. 5.5 and 5.6. The largest difference from inland data
is the occurence of melt events, which appear as sharp drops in B near the beginning
of most of the years shown.’

It is apparent from Fig. 5.6 that a sinusoidal fit is not suited to sites with

melt events. Some other fit using a well known function might be contrived, but the

®Reasons for other more minor differences may be 1) the temperature of the air and of the ice
shelves on which the stations lie is more directly influenced by ocean currents and weather than
at inland sites, 2) there is greater annual precipitation at coastal sites; and 3) there are differences
between the composition of the ice shelves and that of the inland ice sheets — see Appendix E for
details on station geography.
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pdf method automatically adapts itself optimally. We demonstrate this by applying
the sinusoidal and pdf methods as before, with two years of training. The performance
attained is given in Table 5.2 and graphed in Fig. 5.11. The estimates themselves are
shown in Figs. 5.15-5.16.

From these results, it is apparent that the flexibility of the pdf method can
produce large advantages. At station 89022, the pdf method produces better results
at almost all times. Its reliance on DOY produces notable robustness in the presence
of the melt events (around the beginning of each year). These same melt events cause
the sinusoidal method to produce erroneous spikes in estimated 7' (see Fig. 5.15).
Such spikes are especially large in station 89002° estimates (Fig. 5.16). Indeed, at
station 89002 the sinusoidal method is rendered useless for most of the test times
due to 1) the large melt event at the beginning of 2004 and 2) the generally non-
sinusoidal nature of the empirical emissivity time series at this station. In contrast,
the pdf method estimates show fidelity to smoothed air temperature data.

Additional interesting effects are seen in Fig. 5.16. For Year 1, the pdf
method determines that DOY information is more valid than B information, based
on the two training years of data. This explains the anomalous rise in pdf method
estimates near the middle of 2003 — the rise is shadowing rises in the training years’
T for those same DOYs. For Year 2, the pdf method chooses to place greater reliance
on B than on DOY, resulting in estimates which show more fluctuation than Year
1 and Year 3 estimates. However, the reliance of the pdf method on DOY is still
greater than that of the sinusoidal method — this prevents the pdf method estimates
from plunging during and after the melt event, where the sinusoidal method estimates

plunge.

5.6 Conclusion

Shuman et al. [29] previously demonstrated a method for estimating Green-

land air temperature from 37 GHz v-pol brightness temperature. Their method fits

SNote that station 89002 is farther north and closer to open ocean than station 89022. This can
explain why the melt events are larger at 89002 than at 89022.
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Station 89828
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Figure 5.12: True air temperatures (solid blue), estimates of the pdf method (dashed
black), and estimates of the sinusoidal method (red x’s) at station 89828.
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Station 89813
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Figure 5.13: True air temperatures (solid blue), estimates of the pdf method (dashed
black), and estimates of the sinusoidal method (red x’s) at station 89813.
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Figure 5.14: True air temperatures (solid blue), estimates of the pdf method (dashed
black), and estimates of the sinusoidal method (red x’s) at station 89606.

89



Station 89022
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Figure 5.15: True air temperatures (solid blue), estimates of the pdf method (dashed
black), and estimates of the sinusoidal method (red x’s) at station 89022.
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a sinusoid to training data, then uses the sinusoid to estimate air temperature from
measurement data. This chapter presents the first demonstrations of this method
at sites in Antarctica (five total). The estimates of the sinusoidal method at inland
sites have an average RMSE of 4.2 °C when one year of training data is available,
decreasing slightly to 4.1 °C when two years of training data are available.

More importantly, this chapter introduces an adaptive alternative, the pdf
method. This method uses training data to empirically build a pdf relating measure-
ment data to air temperature. This pdf is then used to translate measurement data
to a marginal pdf on air temperature. The mean of the marginal pdf is used as an
estimate of air temperature.

With only one year of training data, the performance of the pdf method
is slightly better than the sinusoidal method. This holds true over a wide range of
two controlling parameters, op and o. These parameters specify the weight which
the pdf method gives to two sources of information (namely, day of year and 37-GHz
v-pol brightness temperature measured on that day).

When two years of training data are available, the pdf method can be
self-trained to make intelligent choices for op and o. This intelligence or adaptivity
produces significant improvements. Compared to the sinusoidal method, the pdf
method reduces RMSE by an average of 0.3 °C at three inland sites and by 8.4 °C
at two coastal sites. The large improvement at the coastal sites originates from the
adaptability of the pdf method which allows it to anticipate regular melt events.

The pdf method is currently useful for filling in gaps in ground station
temperature records and for extending those records to times before or after the
station’s operating life. Methods for extending the pdf method to areas without

ground stations are discussed in the next section.

5.7 Extensions of this Work

Another advantage of the pdf method is that the variance of an air tem-
perature estimate can be estimated even when ground truth data are unavailable.

Specifically, the variance can be calculated directly from the marginal pdf for air
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temperature. A straightforward extension of the present work is to evaluate the qual-
ity of this variance estimate by comparing it with RMSE obtained using ground truth.
This investigation is left for future work.

In this and previous work, both the pdf and the sinusoidal method require
training by ground station truth data. Further study can ascertain the quality of
estimates obtained in areas without station data, using data at neighboring sites for
training. Currently this prospect is hampered by the lack of additional stations in
proximity to the stations whose data is employed in this dissertation.

Another option for estimating temperature in areas without ground sta-
tions is to train either the pdf method or sinusoidal method using air temperatures
from a new source (such as estimates derived from satellite infrared sensors or nu-
merical weather prediction models). The quality of this approach can be tested by
using it at a ground station location and then comparing the resulting estimates with
ground station “truth” data. (Note that this option is only meaningful insofar as
data from the new source are independent of the ground station data.)

This chapter has focused on minimizing RMSE in air temperature esti-
mates. For applications such as long-term climate change investigation, it may be
desirable to minimize bias rather than RMSE. This can readily be accomplished for
either the pdf or sinusoidal methods described above. It is done in either case by
simply using bias rather than RMSE as the criteria to minimize during the training

of the method.

5.8 Acknowledgement

The air temperature data used in this work are provided by the Data Sup-
port Section of the Computational and Information Systems Laboratory at the Na-
tional Center for Atmospheric Research (NCAR). We appreciate the work of Ben Lam-
bert in extracting temperature data from NCAR datasets and in providing Fig. E.1.
We also note that NCAR is supported by grants from the National Science Founda-

tion. The original sources of the data may include the Department of Commerce, the

93



National Oceanic and Atmospheric Administration, the National Weather Service,

and the National Center for Environmental Prediction.

94



Chapter 6

Conclusion

This chapter provides a summary and discussion of the dissertation con-

tributions. A list of publications and suggestions for future work are also provided.

6.1 Principal Contribution

The principal contribution of this dissertation is introducing and proving
to the microwave radiometry community that probabilistic approaches to problems
can offer significant advantages. This section summarizes these advantages and how
the dissertation demonstrates them. Additional contributions are discussed in the
next section.

Radiometry is the science of measuring random thermal emissions. Excel-
lent techniques for the characterization and exploitation of the properties of random
signals have been developed, some quite recently, in the fields of probability theory
and inverse problem theory. This dissertation manifests the value of these techniques
in solving three problems of current interest in microwave radiometry.

To begin, in Chapters 3 and 4, probability theory is used to model quan-
tities as random variables rather than simple algebraic unknowns. This permits the
inclusion of additional information such as the variances of quantities and their cor-
relations with other quantities. Random variables are more difficult to process than
algebraic unknowns. Fortunately, centuries of theoretical work can be tapped to as-
sist in this. In Chapter 3, this approach results in closed-form, analytical expressions
for error terms (validated by numerical simulation) whose fidelity is a level higher

than previous work. In Chapter 4, this approach results in optimal estimators for
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calibration parameters. It also leads to the first published information on certain
hardware parameters to be obtained from calibration data.

Not only is improvement possible by modeling radiometric signals and
error sources as random variables; the outputs of radiometry can also contain more
information if they are reported as random variables. It is not uncommon for an
estimate to be reported with an error bar or standard deviation. However, covariances
between outputs can contain much additional information, as illustrated in Chapter 4.
This is particularly relevant as radiometry advances by becoming more polarimetric,
in which three or four properties of a radiometric signal are measured simulataneously.

Covariance information can be conveyed by reporting a joint pdf for out-
puts rather than merely marginal information on each output. In many cases this
joint pdf is Gaussian (normal) or nearly so. This is convenient because a Gaussian
pdf is easily manipulated. A joint Gaussian pdf is also completely summarized by a
vector of means and a covariance matrix, making it computationally inexpensive to
store and process. Chapter 4 advocates the greater use of such pdfs as an important
next step in the field of microwave radiometry.

Samples of a pdf can serve as either supplements or alternatives to a solu-
tion in the form of an analytical pdf. Such samples can be plotted to aid in visualizing
available information on parameters, as shown in the figures of Chapter 4. Samples
of pdfs can also be used in lieu of analytical pdfs to solve problems where empirical
information is used in place of an analytical model, as demonstrated in Chapter 5.
Finally, pdfs can be preserved and conveyed by a collection of samples. In terms
of subsequent processing, this option can be much more tractable than analytically
manipulating non-Gaussian pdfs. While storing and processing many samples of a
pdf is computationally more expensive than the conventional choice to simply use
the mean, the exponential growth of computing power which has occurred in recent

decades puts this option within reach.
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6.2 Additional Contributions

As noted above, the principal contribution of this dissertation is intro-
ducing and proving to the microwave radiometry community that probabilistic ap-
proaches to problems result in significant advantages. The dissertation also illustrates
how to work out the difficult details of a probabilistic approach in three diverse sit-
uations. These examples can be helpful to others who approach similar situations.
This is an important additional contribution.

A number of other, secondary contributions involve specific, current issues

or goals of microwave radiometry. These contributions are now described.

6.2.1 Error Analysis of Polarization Rotation Correction

Chapter 3 and Appendix A extend the forward model of polarization ro-
tation to include the random nature of radiation, radiometer channel noises, and (to
first order) calibration. With these effects included, derivations are presented for
the means, variances, and covariances of radiometer measurements of the first three
Stokes parameters (or their modified counterparts) in the presence of polarization
rotation. These derivations are validated via Monte Carlo simulation of the original
electric-field model.

The error formulas thus derived allow more accurate error analysis and
error budgeting than has been possible previously. In particular, they indicate several
things about the residual polarization rotation correction (PRC) error. First, the
natural third Stokes parameter, of the magnitude expected at L-band for most Earth
scenes, is an insignificant source of error compared to N EAT.

Second, the dependence of PRC error on rotation angle is determined by
residual errors from the calibration process. Since these residuals are unknown (by
definition), the dependence of PRC error on rotation angle cannot be predicted as
was assumed previously. But if post-launch calibration reduces these residuals to the
level of NEAT or less, then the dependence of PRC error on rotation angle is weak
— in the limit, the overall PRC error reduces to the NEAT that exists regardless of

polarization rotation.
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6.2.2 Estimation of Radiometer Calibration and Hardware Parameters

Chapter 4 develops a method of estimating radiometer calibration parame-
ters (channel gains and offsets) which is new to the literature of microwave radiometry.
In simulations, it promises to reduce estimation error significantly (by 30% for cal-
ibration parameters of the conventional h-pol and v-pol channels; and by factors of
1.5 to 3.7 for calibration parameters of the third Stokes parameter). As a side benefit,
the accuracy of the previous method is analyzed and published for the first time.

Chapter 4 and its appendices also derive valuable new information on the
estimation of radiometer hardware parameters for the specific class of radiometer un-
der consideration. An explicit formula is derived for obtaining a scattering parameter
in terms of calibration measurements. A polarimetric efficiency is shown to be nu-
merically resolvable from calibration measurements. It is proven that for six other
hardware parameters (two gains and four detector sensitivies), only ratios or products
of the parameters can be resolved. All of these results are valuable for diagnosis of

radiometer anomalies.

6.2.3 Improved Polar Air Temperature Estimation

Chapter 5 provides several advances in retrieving polar air temperature
from satellite microwave radiometer data. First, the chapter demonstrates a previous
empirical method (“sinusoidal method”) for the first time on the continent of Antarc-
tica. It shows that the previous method retrieves air temperature at three inland
Antarctic sites with a root-mean-square-error (RMSE) of 2.1 to 6.4 K with one year
of training data and a RMSE of 1.7 to 6.3 K with two years of training data.

Second, the new, probabilistic empirical method developed in Chapter 5
(“pdf method”) provides improved estimation of polar air temperature. At inland
Antarctic sites, the reduction in RMSE compared with the previous method is about
0.1 K or 3% with one year of training data and 0.3 K or 7% with two years of training.

An important leap in Chapter 5 is including day-of-year as an important
datum to be utilized jointly with radiometer measurements in order to estimate air

temperature. This makes the probabilistic method robust at coastal sites. Melt events
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at coastal sites cause the previous method to be unreliable (RMSE is 5.9 to 32 K,
average of 14.8 K, with two years of training) at the two sites with sufficient data
to be analyzed in this study. In contrast, the RMSE of the probabilistic method at
these sites ranges from 5.2 to 9.5 K (average of 6.4 K) with two years of training data,
signifying that the probabilistic method is usable at such sites.

The probabilistic method developed in this chapter can be used immedi-
ately for scientific research. First, it can fill in gaps in the temperature records of
many polar ground stations. Second, it can extend ground station records to times

before or after a station’s operating life, provided that satellite data cover those times.

6.3 Publications

Multiple papers publish the work in this dissertation. The material in
Chapter 3 appears in the October 2007 issue of the IEEE Transactions on Geoscience
and Remote Sensing [4]. A summary was presented at a 2006 IEEE conference [33].
Material from Chapter 4 is published in the October 2008 issue of the IFEE Trans-
actions on Geoscience and Remote Sensing [5]. The material in Chapter 5 is in final

preparation for submission to the peer review and publication process.

6.4 Future Work

A number of extensions can be made to the particular problem solutions
worked out in this dissertation. First, the forward model in Chapter 3 can be ex-
panded to include channel gains and uncertainties in them. The work in Chapter 4
provides an excellent start to this extension. Another possible extension of the for-
ward model is the inclusion of antenna pattern nonidealities: sidelobe contributions,
which undergo a different amount of polarization rotation than the main beam con-
tribution; and antenna cross-pol contributions, which mix the four Stokes parameters
of the scene to some degree.

Next, the findings of Chapter 3 can be validated using data from the Aquar-

ius radiometer when those data become available (the satellite launch is projected to
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be in 2010). Such validation may then aid in the present design of the SMAP ra-
diometer [34] and/or the development of SMAP calibration algorithms.

Like Chapter 3, the forward model of Chapter 4 is based on a number of
stated simplifications (see Section 4.2), and the simulations of Chapter 4 incorporate
those simplifications. Future work can assess the effect of these simplifications on
the conclusions of Chapter 4 by testing the proposed method on real radiometer
data. Alternatively, the forward model can be expanded in an attempt to avoid
the simplifications. Also, other profitable extensions can be made by adapting the
forward model to other classes of radiometers.

Chapter 4 focuses on estimation of calibration parameters. Future work
can assess the improvement in scene brightness temperature estimation that can be
achieved by using the methodology of Chapter 4 rather than algebraic estimation.
This would directly improve science data and is therefore of great interest.

Possible extensions of Chapter 5 are numerous and are discussed in greater
detail at the end of that chapter. As a summary, note the following.

First, it would be valuable to explore the accuracy of estimating air tem-
perature in areas without ground stations. One option is to attempt this in areas
adjacent to ground stations, using the ground station data for training. Another
option is to train either the pdf method or the sinusoidal method using air temper-
atures from a new source such as estimates derived from satellite infrared sensors or
numerical weather prediction models. The quality of this approach can be tested by
using it at a ground station location and then comparing the resulting estimates with
ground station “truth” air temperature data.

Chapter 5 focuses on minimizing RMSE in air temperature estimates. For
applications such as long-term climate change investigation, it may be desirable to
minimize bias rather than RMSE. This can readily be accomplished for either the
pdf or sinusoidal methods. In both cases, it is done by simply using bias rather than
RMSE as the criteria to minimize during the training of the method. A comparison

of the resulting biases of the two methods could then be made.
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Finally, it is noted in Chapter 5 that the pdf method can predict the
variance of its air temperature estimates, without the use of ground truth data. A
straightforward extension of the chapter is to evaluate the quality of this variance

prediction by comparing it with variance obtained using ground truth.
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Appendix A

Derivation of Forward Model of Polarization Rotation

In this Appendix, I derive equations (3.1)-(3.3). These equations comprise
the forward model of polarization rotation which is used in Chapter 3. Dr. Jeffrey

R. Piepmeier provided the initial sketch of equations (A.1) through (A.15).

A.1 Electric Field Model

Our most basic foundation is a model of the electric fields,

x(t) _ cosQ  sinQ) E,(t) N a(t) . (A1)
y(t) —sin{) cos{) Ey(t) b(t)
E,(t) and Ej(t) are the components of the total electric field emitted by the scene in
the vertical and horizontal directions, respectively (hereafter, our notation suppresses
the time dependence, t, of all quantities). Because the number of independent emitters
in the scene is large in spaceborne radiometry, F, and £} are normally distributed,
by the central limit theorem, with zero means [7]. T assume they are real because we
are concerned only with the first three Stokes parameter in this work.
FE, and E}, are rotated through an angle €2, modeling polarization rotation.
I consider 2 to be constant over the period of one radiometer measurement. Receiver
noise is then added, represented by the electric field amplitudes a and b. Like E,
and E},, I assume that a and b are normally distributed, zero mean, normal random
variables. I also assume they are independent of one another and of E, and Ej. They
represent self emission by the antenna and radiometer. This model neglects sidelobe

contributions (as they may undergo different amounts of rotation than the main beam
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radiation) and cross-coupling of the polarization components caused by the antenna
and radiometer non-idealities (cross-pol patterns).
The quantities most commonly reported in radiometry are the first three

modified Stokes parameters, as brightness temperatures,

T, < E?>
.| =| <Ef> |, (A.2)
Ty 2< E, By >

to which I add, for this document,

TrX » <a®>
el = . (A.3)
TRX,h < b >

In these and subsequent definitions, I ignore a proportionality constant which converts
the product of two electric fields to a brightness temperature.!

A quantity of high interest to users of radiometry data is the second Stokes
parameter, T = T,,—T), =< E? > — < E? > where < - > denotes the expected value
(ensemble average). In addition to the definition in (A.2), Ty can be equivalently
defined in a manner analogous to the definition of Ty. This definition is Ty =
T, 45—T_45, where T' 45 is the brightness temperature of the component of the incident
radiation that is linearly polarized at 45° with respect to the E, and E}, axes.

Our model assumes a radiometer architecture in which the signals at +45°
and —45° linear polarization (in the radiometer polarization basis) are synthesized
from = and y after enough amplification of x and y (by LNAs) that receiver noise
added after this synthesis is negligible. Radiometers which create the signals at +45°
and —45° earlier (such as from direct measurement of 745 and T_45) require that
additional noise terms be added to the additional channels. This would add many

terms to the final forward model and the error formulas.

!This conversion also assumes a narrow band radiometer, so that the frequency spectrums of
E,(t), Ex(t), a(t), and b(t) are flat, see [6].
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A.2 Description of Parameters

In this document, I could express our results in terms of T, T}, Trx v,
and Trx . It is more concise, however, to use the related quantities 77 = T, + T},
To =T, —Th, Trx, s = Trxv + Trxn, and Trx.o = Trx,o — Trxn- Note that 17, T,
and Ty comprise the first three Stokes parameters [15] as brightness temperatures. T
also note that in the final expressions for bias and variance (and hence RMSE), T}
and Trx  always appear added together, never separately. Therefore I reduce our
parameter set by using Tsys 1 = 17 + Trx 1.

Beside T7,Tq, Ty, Trx.1, and Try,q, other parameters are 2, N, ATgx p,
ATgx g, and ATgx py (N is defined early in Section A.3; ATrx 1, ATrx .o, and ATrx v/
are defined in Section A.5). This collection of ten parameters can be used to com-
pletely describe the forward problem and I therefore refer to them as the “original

Y

parameters.” Other quantities are defined for convenience but can be expressed in
terms of these original ten.

The symbols x and y represent the electric fields to be detected by the
radiometer. By the construction of (A.1), they are also zero mean, normal random

variables. I denote their expected squared values, as brightness temperatures, with

Taysw <z?>
Tsys,h = < y2 > . (A4)
Toysu 2 <zy >

Using (A.2), (A.3), and the facts that a and b are independent of all other quantities

and are zero mean, we find

Toysw = <(Ev cos + Ep,sin ) + a)2>
T,
= T,cos’Q+ T, sin? Q + 7(] sin 2Q 4+ Trx -

(A.5)
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By a similar process,

T
Taysn = Thcos?Q+ T, sin®Q — 7(] sin 2Q + Trx

Toysv = —Tgsin2Q + Ty cos 29 (A.7)

~

A.3 Measured Temperatures, T ,, 15y, and Ty

A conventional two-channel radiometer measures T, and Ty, 5 by a time

average,

N 1 T R 1 T

Toysw = = / 2?dt, Tyysp = — / ydt. (A.8)
T Jo T Jo

I use hats to denote measured or estimated quantities, which are random variables, as

opposed to the unhatted quantities which represent the desired true quantities, such

as the ensemble average of a random variable.

A three-channel polarimetric radiometer also measures

A 2 (7
Toysv = ;/0 xy dt. (A.9)

~

As shown in [7], Tsys.v, Lsysn, and Tyys iy can be rewritten as sums of inde-

pendent samples,

Tsys,v — N Z $?, Tsys,h - N Z %2, Tsys,U - N Z Tili, (A]'O)
=1 =1 =1

where N = 2B7, B is the sensor bandwidth, and 7 is the integration time.

I next proceed to find the distributions of Tsys’v, Tsys,h and TAsyS’U. For large
N (for Aquarius, N =~ 480,000, 000), Tsyw is so nearly Gaussian, by the central limit
theorem, that I assume it is Gaussian. Similar results apply for TASy&h and TAS%U.

Therefore, they can be very well characterized by only their means, variances, and

covariances, which I derive next.

A.3.1 Means of Tsys,v, Tsys,h and TAsyS,U

The ensemble average (expected value) of Tsysﬂ, is

1 N 1 N
__— N\ )
R <N Zj:l $> =52 <@ >=Tuen (A.11)

i=1
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Similarly, < Tsysn >= Teysp and < Tgys v >= Toys v

A A

A.3.2 Var(Tsyysw) and Var(Tyysy)

i=1 j=1
A
() - T, a2
i=1 j=1
which we separate into terms for which ¢ # j and for which ¢ = j:
| NN 1N
=33 Z Z < ziri > —i—m Z <z >-T,,, (A.13)
i=1 j=1(£i) i=1

Using the independence of samples ¢ and j and the known fourth moment of zero-mean

normal random variables,

_ 1 = 2 - 2
—mz<l’l > Z <CCJ>
=1 J=1(#1)
N
2 2 _ g2
+m 23 <x; > —Tsys,v. (A.14)
i=1
Then, using (A.4),
A 2 9
Var(Tsys ) NTsys,v‘ (A.15)
By a similar process,
. 2
Var(Teysp) = NTSst L (A.16)
A.3.3 Var(TSysyU)
By a process similar to (A.12) through (A.15)
2 _Ts2 s,U 4
Var(Ty.v) = ];’ —+ 5 < 22y >, (A.17)

Consider < z?y? > alone. Using the definitions of x and y in (A.1), it can be expanded

to several dozen terms. The independence of a and b from FE, and Fj, means that
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many terms can be factored as < a >, < b* >, and so on. Then using (A.2), (A.3),
the fact that a and b are zero mean, and the known fourth moment of zero-mean

normal random variables, many terms drop out or simplify, leaving
2 2 1 3 3 :
< z7Yt >= 3 < E,E; — ESE), > sin4Q)

3 3
+ (— < E’E} > ——(T? —i—T,f)) cos 492

4 8
1
—§TRX,Q(TU sin 202 + T¢) cos 22)
1 3 1
+— < B2E} > +=(T? + T?) + Trx.oTrxn + =TiTrx 1- (A.18)

4 8 2

FE, and E, are marginally zero-mean Gaussians, with variances of T, and T}, and
a covariance of Ty /2. Assuming they are jointly Gaussian, their joint probability
density function (pdf) is completely specified. We can therefore determine < E3Ej, >,
< E,E} >, and < E2E} > by direct integration:

1

00 oo —2Ty, B2 42Ty E), By — 2Ty E2
/ / Ei)Ehe 4Ty Ty, —TE dEU dEh (A19)

Using a table of integrals [35], the known second and fourth moments of zero-mean

< ESEh >=

Gaussians, and much algebra, this reduces to

< E}E), >= ;TUTU. (A.20)
By similar processes, we find
3 3 2 12 Lo

By using these results in (A.18) and then using (A.18) in (A.17), we obtain, after

much algebraic manipulation,

. 1
VaT(TSyS,U) = N[Tfys,f - TSst,Q + Tfys,U]? (A22)

where Tsys,[ = Tsys,v + Tsys,h = TI + TRX,I and Tsys,Q = Tsys,v - Tsys,h~
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A.3.4 Covariances of T, ,, Tsysn, and Ty 7

We wish to determine the covariances that exist between Ty ., Tsys,n, and

~

Toys,v- Similar to the derivation of (A.22), it can be shown that

T e . TSst,U
COU(Tsys,stys,h) - IN y <A23)
r~ a 2Ts sst s
COU(TSys,UyTsys,U) - yTyJ]; (A24)
. - 2,-Ts s Ts s
COU(Tsys,ha Tsys,U) = % <A25)

A.4 Definition and Characterization of TAsys’ ; and TSySQ

It is more convenient to work with the sum and difference of T, , and Ty 5,

than with these quantities themselves. Therefore we define T sys, ] = T sysw + T sys,h and

A A

Toyso = Tsys,v — Tsys,n- Using the formulas given above, it is straightforward to show

that
< TAsst >=T7+Trx,;1 = Toys,1> (A.26)
< TSWQ >=Tgcos2Q+ Ty sin2Q + Try g = Tsys,0, (A.27)

and that the variances and covariances of Ty 1, Tsys,, and Ty, ¢ can be summarized

with the symmetric covariance matrix

VaT(Tsys,I) COU(Tsys,Ia Tsys,Q) COU(Tsys,Iy Tsys,U)
N - Var(Tyso) — Cov(Tyysg, Tays)

~

Var(Tsysu)

Tgys,l + TSst,Q + Ts2ys,U QTSySaITSyS»Q 2Tsys,lTsys,U

Trr+ 120 —Towr  2TysqTeysu | - (A.28)
2 2 2
Tsys,[ - Tsys,Q + Tsys,U

A.5 Forward Model of Rotated and Calibrated Brightness Temperatures

As discussed at the beginning of Section A.3, the measured temperatures
are normal random variables with the means and variances just found. It is conve-

nient to break them up into the sum of their means and zero-mean, normal random
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variables,

~

Tsys,v Tsys,v + Ajjsys,v
Tsys,h = Tsys,h + A,-Z—‘sys,h ) <A29)
Tsys,U Tsys,U + AT‘sys,U

and similarly for the quantities defined for convenience,

~

Tsys,[ = Tsys,l + ATsys,Ia (A30)

~

where ATyys 1 = ATys + ATy, and ATy o = ATys o — AT ys p.

Expanding these out in terms of the original parameters, we have

T,
sysw = L, —Tp sin? Q + TUSmQQ + Trxo + ATsys v,

. T,
Toysrn = Th+Tosin?Q — 7[] sin 2 + Trxn + ATuyen,

TASy&U = —Tisin2Q + Ty cos2Q + ATy, v, (A.32)
and

Tsys,I - TI +TRX,] + Ajjsys,h

(A.33)

A

Toyso = Tocos2Q 4+ Tysin2Q +Trx g + Alsys g-

(A.34)

Now note that Trx, and Tgx, (and hence also their sum and difference, Trx ;
and Trx ) are operationally estimated and subtracted off as part of the radiome-
ter data calibration. Imperfection in this correction leaves residuals which I call
ATgx, and ATgx . It is convenient to also define ATgrx ; = ATrx,, + ATgx ), and
ATrx g = ATgxy — ATrxp. With Trx o, Trxn, Trx,r and Tgrx g subtracted off
and leaving only these residuals, we finally have a forward model for the outputs of
the rotation, measurement, and calibration processes, which become the inputs to

the polarization rotation correction process of [1]. Using a notation similar to [1] for
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these inputs, where the subscript “a” can be interpreted as referring to temperatures

“after” rotation, measurement, and calibration,

. T,
Ty =T, — T sin? Q + 7“ sin 20 + ATrx s + ATye o, (A.35)
. T,
The = Ty + T sin® Q — 7[] sin 2Q + ATrx s + ATuyen, (A.36)
T[’]a = —T sin 22 + Ty cos 262 + ATsys v ) (A.37)

As explained in Section 3.2, the measurement and calibration process also add a
residual bias, ATgrx v, to this last equation, as included in (3.3).

(A.35) and (A.36) are generalizations of equations (12) and (13) in [1]. For
convenience, I hereafter use the sum and difference of (A.35) and (A.36), as given in

(3.1) and (3.2), respectively.
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Appendix B

Derivation of Covariance Matrix, C

Sixteen voltage comprise the operational calibration measurements made
by the class of polarimetric radiometer which is considered in Chapter 4. A forward
model of these voltages is equation (4.10). Using the information stated in Section
4.4.1 about nine noise variables, this appendix derives the variances and covariances
of the sixteen voltages in (4.10). Each column of voltages in (4.10) is independent of

the other twelve voltages, so we proceed column by column.

B.1 First Column

Consider the first column of voltages in (4.10). There are just two noise
terms, and they are independent of one another since they are from different sources.

Therefore v, ¢ and vy, ¢ are independent. All other relationships have nonzero corre-

lation:
Cov(vyc, vpc) = Cov(Gyyn, Gpony) = E(GMGpvn%) (B.1)
(TC + Tl)Q
= Gy Gppy————. B.2
P BTC ( )
Similarly,

Te +T5)?
COU(U}hc, Up,C) = thGph%a (BS)

T T))?
COU('UU,Ca Um,C’) = vava%a (B4)

Te 4+ T5)?
COU(Uh,Ca Um,C) = thGmh( CBT 2) . (B5)
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For the final covariance for this column,

Cov(vpc,Vmc) = E(Gpni + Gprng)(Groni + Grpng)) (B.6)
= F (Gvamvn% —+ Gthmhng) (B7)

(Te + Ty)? (Tc + T»)?
- GvamvTcl + Gthth—Tc. (B.8)

To+Th)? GQ (Tc+T2)2 GQ (Tc-&-T1)2+

Brte BT, pv Bt

By inspection, the four variances are G2, (

(Te+13)? 2 Tc+T1 (Tc+T)?
G R B and G, + G B

B.2 Second Column

The variances and covariances of the second column of voltages in (4.10)
are the same as those of the first column, except replacing (T + T1) and (T¢ + T3)
with (Ty + T1) and (Ty + T3), respectively.

B.3 Third Column

The variances and covariances of the third column are the same as those

of the first except replacing (Te + 1) with (Ty + T5).

B.4 Fourth Column

The variances and covariances of the fourth column are quite different
because Ty is a component of all three inputs. We first rewrite the calibration
inputs ( T¢ for both the vertical and horizontal channels, Ton /2, Ti, and T3) in
terms of electric fields.

The v-channel cold load emits an electric field which we denote ¢;. Its
second moment (defined as < ¢ > where < - > is ensemble average) is T¢ (here
and hereafter we ignore a constant that converts the product of two electric fields to
a brightness temperature). The v-channel amplifier noise is another source, whose
equivalent electric field (referred to the input of the first amplifier so that it is on the
same level as ¢1) is denoted 7. Its second moment is 7;. Similarly, the h-channel
cold load outputs ¢y, with second moment 7T, and the h-channel amplifier noise is

ro, whose second moment is T5.
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The correlated calibration source (depicted in Fig. 1 of [2]) emits an electric
field n with second moment Tr;y. When the energy from this source is split between
the vertical and horizontal channels, the electric field in each channel is then n/v/2,
whose second moment is Toy /2.

The five electric fields just described (¢y, r1, ¢o, 72, and n) are independent
of one another because of their distinct origins. They are all zero-mean normal random
variables.

The voltages in the fourth column on the left side of (4.2) are found by

summing these electric fields, squaring, integrating, and multiplying by a channel

gain,
G [ n 9
Uy = 1+ —+mrm)dt =Gyl B.9
CN - /0 (1 7% 1) (B.9)
th /Tc n 9
= — dt = G B.10
Uh,CN . ; (CQ —+ \/5 —+ 7”2) th, ( )

G Te
UpON = Gpv[ + GphJ+ pU/ nzdt = Gpv[+ Gphj+ GpUK, (Bll)
0

Te

Um, 0N = vaI + Gth + GmUK7 (B12)

where the third term in the last two equations arises from the correlation of the inputs
to the hybrid coupler.

Because all these voltages are expressed in terms of the I, J, and K defined
by these equations, all the variances and covariances can be expressed in terms of the
variances and covariances of I, J, and K, which we proceed to determine below.

As shown in [7], I, J, and K can be rewritten as sums of independent
samples,

Ne

1 n;
I=— cri+ — +1r14)% B.13
N, 2ot 5t ) (B.13)

where N. = 2B7,., B is the sensor bandwidth, and 7, is the integration time, and

similarly with J and K.
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B.4.1 Means and Variances of I, J, and K

First, using the independence of each of the N, samples from one another

and of the five electric fields from one another,

Iy = <(c1+n/\/§+r1)2>:<c§+n2/2+rf+2c1n/\/§+ 2c1r1+2nr1/\/§>

= T0+TCN/2+T1, (B14)
() = (et n/VI+m)?) =To+ Ton/2+ T (B.15)
(K) = (n*)="Tew. (B.16)

These means coincide with the final column of the temperature matrix in (4.2), veri-

fying our formulation of the problem in terms of electric fields.

Var() = <Ni S e+ R Ni S e+ % + rl,j)2> ? (BA7)

i=1 ¢ j=1
n.
<ZZ Cll+—+7"11) (01]+7j—+7"17j)2>—<1>2. (B18)
c i=1 j=1 2

Separating the expected value operation into terms for which ¢ # j and for which
1=
Var(l) = 35 (E DD <(01,i + 05 + i) (e + +7”1,j)2>
+ 30N <(017,- + 5+ 7“17¢)4>> —(I)*. (B.19)

Using the independence of samples ¢ and j, the independence of ¢, n, and r; from ev-
erything but themselves, and the known fourth moment of zero-mean normal random

variables,

Var(l) = N%z (ZNC <(01 i+ U5+ ) > Z;V:Cl(;éi) <(Cl,j + 5+ 7”17j)2>
2
+ 2 3 (e + 5+ r)?) ) —(1)*. (B.20)
Using (B.14),

Var(I) =

(N (I) (N, — 1) (I) + 3N, (I)?) — (I)* =
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and we finally arrive at the ensemble variance

Var(I) = g>2 and similarly, Var(J) = () (B.22)

T, Br,’

Also,

N, N,
1 1
= c =1

= <ZZ” >—T5N (B.24)

C 1 j=1
Nc

= Z Z (2n2) + 3 (nf) | - T2y (B.25)
e i=1 j=1(#i) i=1
1 [

= 5 | 2o Z <n2>+23<n2> ~ Ty (B.26)
c o\ =l J=1(#1)

- ]\172 (NC(NC — 1)Tgy + 3NcTc2*N) — Tén (B.27)
2

- = (B.28)

B.4.2 Covariances of I, J, and K

Cov(I,J) = <Nic ZC(CM + % + 7“1,1‘)2]\7% ZC(CM + % + 7“2,j)2> —«(I) (J)(B.29)

N2 <ZZ Clz+_+rlz) (02j+7%+7“2,j)2> — (1) (J) (B.30)

=1 j5=1
Focus only on the expected value operation, which we separate into terms for which

1 # 7 and for which ¢ = 7:

Ne¢ Ne¢
n; n;
=2 2 <(Cl,i t 5T rii)(cz; + 7% + 7"2,3')2>

i=1 jo1(2)
Ne
n'
+ Z <(C1,z’ + —= +7r1.0) (o —l— +794) > . (B.31)

Using the independence of samples ¢ and j, the independence of ¢y, co, 11, and ry

from everything but themselves, and the known fourth moment of zero-mean normal
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random variables,

= N =) ()48 1) )+ TS = vz )+ Y B

Putting this back into (B.30),

Ty
Cov(I,J) = 1B (B.33)
Similarly we have
1 & , 1
Cov(I,K) = <Fc ;(Cu—l— \/_—l—rh Zn > ) Ton (B.34)
= <ZZ c“+—+m) > —(I) Ton (B.35)
=1 j=1
1 e n; e
= = > <(cu + —=+ 7‘1,1-)2> > (nf) (B.36)
N2 | & NG 2
i= J=1(#)
N
+ZZ_1: <(C1,l+ \/§ +T‘1 1) Z>> — <[> TCN <B37)
_ 1 B (n*) B
= Ne(I) (Ne — D)Ton + N[TcTen + T T\Ton] (I) Ton
1 3
= N2 (—NC <[> TCN + NCTON[TC + §TCN + T1]) (B38)
(I) Ten | ((I) + Ten)Ton
- B.
N, + N, (B.39)
Ten
= &N B.40
2BT.’ ( )
and similarly,
T2
K)= &, B.41
Con(J, K) = 55 (B.41)

B.4.3 Variances of the Voltages

Now that the means, variances, and covariances of I, J, and K are known,

we can find the means, variances, and covariances of the voltages:

2
Var(v,cn) = G2 Var(l) = G2, g> . (B.42)

2 2 (/)"
Var(vnen) = GipVar(J) = thB .

(B.43)
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Var(vpen) = Var(Gpl + Gppd + GuuK) (B.44)
= Var(Gpl) 4+ Var(GpnJ) + Var(GpuK)
+2[GpGprCov(l, J) + GpGouCov(1, K) + GG Cov(J, K)]

<T ) ()" T2
= Gl + O + Gl i
T2 T2 T2
+2Gvaph 1Br. + 2GpUGpU 2B, + 2GthpU 2§N <B45)
_ G}%v <I> + G?)h < > + (GpU + Gvaph/2 + GvapU + GthpU)TéN
B,
(B.46)

vpon is identical to v, cny — same realizations of noise — except for mul-
tiplication by different G,,. Therefore, variances and covariances of the first will be

identical to those of the second if we simply replace G, with G,,,:

Var(vmen)

_ G?nv <I>2+G3nh< > (G2 U+GmUGnLh/2+vaGmU+GthmU)TC’N
= o (B.A47)

B.4.4 Covariances of the Voltages

The covariances of v, cn with the other voltages are found as follows:

T?

COU(UU7CN,U}170N) = vathCOU(I, J) Gm}théLg]’;‘f (B48)
COU<UU,CN7Up,C’N) = COU(GUUI, Gva + GphJ—|— GpUK) <B49)
= Guw|GpVar(l)+ GuCou(I,J) + G Cou(I, K)|(B.50)

_ (n? T¢n Tén
= GuwlGp " Br. + Gpp, 1B, +GPUQB ] (B.51)

- G AGy (1 > + GphTCN + 2GpUTCN

v 4B,
(B.52)
and similarly,
4G e (I)? + Gon T2y + 2G 0y T2

Cov(vy.on, Vmon) = Gy G ()" + G Toy + 2Gmy oN (B.53)

4BT,
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Likewise, the covariances of vy cn with the v, cn and vy, oy are

COU(Uh’CN, Up,CN) = COU(thJ, Gpvf + GphJ + GpUK) <B54)
= Gu|GpCou(l,J)+ GupVar(J) + GpuCou(J, K)|(B.55)

TZn (J)* TZn

= — —— B.

GhnlGpe 4B, + G Br, + G ZBTC] (B.56)

_ ¢, OnTen 4Gy (1) +2GuwTEy

4B,
(B.57)
and
G T2x + 4G () + 2G, TR

Cov(vp,on; Vmon) = Ghn et n{T) vwonN, (B.58)

4BT,
The final covariance is longer:
Cov(vpon,Vmen) = Cov(Gppl + Gpnd + G K, Gl + Gnd + G K)
= GpGuVar(l) + GunGmpVar(J) + GpuGruVar(K)
H(GpGmn + GprGiy)Cov (I, J)
+H( GG + GouGiy)Cov (I, K)
+HGprGmu + GpuGn)Cov(J, K), (B.59)

which expands and then simplifies to

1
Cov(vpon, Umen) = E[LLGWGW (I)? + 4G Gy (J)?
+<4GpUGmU + Gvamh + Gthmv +
2G Gt + 2G o0 Gy + 2G o1 Gt + 2G o0 G ) Te N -

(B.60)

B.5 Summary: entire C'

To recapitulate,

C= , (B.61)
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where (note that the following matrices are all symmetric; to make them fit better,

only the upper triangular elements are given)

CC = Blrc X
G2 (Te +T1)? 0 GoGpo(To +T1)? GG (Te + Th)?

Gi(Te +To)* GunGpn(Te + T)*  GunGmn(To + Ty)?

G;%v (TC + T1)2 Gvamv (TC + T1)2
+G2 (Te + T2)*  +GpGrn(Te + Tp)?

G?nv (TC + T1)2
+G(To + Ta)?

(B.62)
CH = BlTC X
G2, (Ty +Th)* 0 GoGpo(Tr +T1)?  GoyGono(Ty + T1)?

GiZLh(TH + T2)2 thGph(TH + T2)2 thGmh(TH + T2>2

G;:Qw (TH + Tl)2 Gvamv (TH + T1)2
+G2 Ty +T2)*  +GpuGrn (T + T)?

G?n/u(TH + T1)2

(B.63)
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1
CCH = B_TCX

(G2,(Te + Tv)? 0 GonGo(Te + TV GosGon(Ter + Th)?
Gin(Ty +T12)* GunGun(Ty +T12)*  GunGon(Ty + 1)

G?w (TC + T1)2 Gvamv (TC + T1)2
+G§h(TH +T)* 4G Gun(Ty + To)?

G? (Tc +Ty)?
"‘G?nh(TH + T2)2

(B.64)

and

_ 1
CCN_T%X

2 T2 4G o (V2 4Gy T2 N +2G o0 T2 4G A D)2+ Con T2 +2Gmu T2 ]
G%m <I> GouGhn iN Gy Er (I)*+ ph4czv+ pUlCN Gow (I)"+ nhr4CN+ vilcn

G%h <J>2 Gun GmTéN+4GphiJ>2+2GpuTéN Gun GmTéN+4G,,L;2<J>2+2GmuTéN

P Y

(B.65)
where
P = G;Qm <I>2 + G;Q)h <<]>2 + (G;%U + GpoGpn/2 4+ GpGpu + GthpU) Té’N?
M = G% (D + G2 ()P + (GZy + GroGon/2 + GG + GGy Té s
GpGmn GG
Y = GG (D2 + GG (J)? + <GpUGmU 4 T tmh T

4 4

GpGrmu  GpuGme GG GpuGmn 9
T
+ 5 + 5 + 5 + 5 CN>

and where (I) and (J) are given in (B.14) and (B.15), respectively.
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Appendix C

Derivation of Constraint Equations

Chapter 4 is concerned with the estimation of eight gains (among other
parameters) which characterize a certain class of polarimetric radiometer. This ap-

pendix contains the derivation of equations constraining those eight gains.

C.1 Finding V; (eigenvectors of C for which A = 0)

Due to the block diagonal structure of the covariance matrix C' of calibra-
tion measurements (see Appendix B), C' has four eigenvectors of the form
[abed000000000000]” where [abed]” is an eigenvector of C, four of the form
[0000abcd00000000]” where [abed]™ is an eigenvector of Cr, four of the form
[00000000abcd0000]T where [abed]” is an eigenvector of Cog, and four of the form
[000000000000e fgh]T where [efgh]T is an eigenvector of Coy. Co, Cg, and Cog
each have two eigenvalues (A) equal to zero while Coy has only one. This is easily
confirmed numerically; theoretically, it is because the first three columns of (4.10)

have two noise sources each while the last has three.

C.1.1 Eigenvectors of C¢, Cy, and Cgy for which A =0

Cco, Cy, and Coy can all be written in the abbreviated forms

v*T 0 vpT vm/T’
1 0 Rh2U hqU hnU

BTe | vpT hqU  p*T + U  pmT + qnU 7
vmT hnU pmT +qnU  m?*T +n?U

(C.1)
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where the only difference between C¢, Cy, and Coy is whether T and U are defined
using T or Ty. The eigenvectors of this matrix are found using the defining equation

of an eigenvector with A = 0, explicitly

VT 0 vpT vmT a 0

0 AU hqU hnU b 0
= (C.2)

vpT  hqU  p*T +q*U  pmT +qnU| |c 0

vmT  hnU pmT +qnU m*T +n2U | |d 0

From the first two of the four equations in (C.2),
d d
o= _Pram andb:—cqz i (C.3)
v

Using these to substitute for @ and b in the third and fourth equations in (C.2), these

equations reduce to
Oc+ 0d = 0 and Oc 4 0d = 0. (C.4)

Any ¢ and d will satisfy these equations. We choose simple but nontrivial values:

¢c=1,d=0and ¢ =0,d = 1. Then, using (C.3), the eigenvectors are

/] B
—a/h and —n/h : (C.5)
1 0
- 0 - L 1 -

Eigenvectors can be scaled arbitrarily. Scaling by —vh and undoing the abbreviations,

the eigenvectors with A = 0 are!:

G hh pr thva
GU'U G G'UU G’m
1 and " (C.6)
_va th 0
0 —GoGhp

ITo within about 10%, the eigenvectors are ~ Gwth[% % —10]T and GUUth[% % 0 —1].
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Note that these are ezactly the same (though they can be scaled arbitrarily and
independently) for C¢ as for Cy and for Coy, since they do not depend on T and
U2,

C.1.2 Eigenvector of Coy for which A =0

Abbreviate the eigenvector problem for Coy as

V X A B |a 0

X H C D b 0
— . (C.7)
A C P Y c 0

B DY M| |d 0

The procedure is similar to that used above but now with an X instead of zeros. We

solve the first equation for a, giving a = ’I’X’T‘M. Using this to substitute for a in

the second equation, then solving that equation for b, gives

—aX —cC —dD
b = - (C.8)
bX+cA+dBX —cC —dD
_ v
- . (C.9)
_ (bX 4+ cA+dB)X — cCV —dDV
_ o : (C.10)
b(1— X2/VH) = cAX +dBX — cCV — dDV7 (C11)
VH
b(VH — X?) = cAX +dBX —cCV —dDV, (C.12)
_ ¢(AX —CV)+d(BX — DV)
b = Vo . (C.13)

2When V3 is found numerically, there are usually four nonzero entries rather than the three
predicted by the above derivation. Both answers are correct, as can be verified by showing that in
either case, Cc'V; equals a zero 16x7 matrix . Why is this so? Since there are two variables that can
be chosen arbitrarily, their span is a 2-D hyperplane in 4-D space. Any two vectors whose span is
that same plane work, and that is why both answers are correct. The analytical answer just happens
to be formed more simply, with a couple of zero elements. In (C.4), any ¢ and d could work. In fact
if we put the ¢ and d that a numerical calculation returns into the formulas above for a and b, they
match the a and b that the numerical calculation returns to at least 14 significant digits.

3In summary, the eigenvectors of Co, Cy, and Cony whose A = 0 are found as follows. First
choose ¢ and d arbitrarily, as long as they are not both zero. If ¢ = vh and d = 0 are chosen, then
one eigenvector each of Co, Cg, and Ceop is given (in terms of the original parameters) by the first
vector in (C.6)—-otherwise use the more general formulas above to find a and b. Next, choose another
c and d arbitrarily, as long as they are not both zero and are not simply a scaled version of the first
choice. If ¢ = 0 and d = vh are chosen, then the second eigenvector each of Co, Cy, and Cogy
is given (in terms of the original parameters) by the second vector in (C.6) — otherwise use more
general formulas above to find a and b.
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Using this, we can express a in terms of ¢ and d as:
_cAX-CV)HBX-DV) yr _ A _ B

a = VH—-X?2
%
—c(AX ~CV)X —d(BX -DV)X A B
pu— —_— C— — R—
V(VH — X?) v v

(C.14)

(C.15)

[(AX = CV)X + A(VH — X?)] + d[(BX — DV)X + B(VH — X?)]

—V(VH - X?)

(C.16)

Using both the above results to substitute for a and b in the third equation, then

solving that equation for ¢, gives

(C.17)

(C.18)

. —eA=bC—dy
P
_ CA[(AX - OV)X + A(VH — X?)] + dA[(BX — DV)X + B(VH — X?)]
B PV(VH — X?)
—cC(AX — COV) —dC(BX — DV) L oY
P(VH — X?) P
_ (AX —CV)?+ AX(VH — X?)]
B PV(VH — X?)
d[(BX — DV)(AX —CV)+ AB(VH — X?)] —dY
* PV(VH — X?) T

1— (AX—CV)2+A2(VH—X2)]
PV(VH—-X?2)
_d(BX—DV)(AX—CV)+AB(VH—X2) —dY
- PV(VH—-X?2) + 5

c [PV(VH — X?) — (AX — CV)? — A2 (VH — X?)]

= d[(BX — DV)(AX —CV)+ AB(VH — X?) = YV(VH — X?)],

(AB—YV)(VH — X?)+ (BX — DV)(AX — CV)
(PV — A%)(VH — X2?) — (AX — CV)?
ABH —YVH +YX?— BCX — ADX +CDV
B A2H — PVH + PX?2 — 2ACX + C2V

c = d

4 (Y(VH = X?) — ABH + (AD + BO)X — CDV
P(VH — X?) — A2H + 2ACX — C2V

J Y(VH — X?) 4+ D(AX —CV) + B(CX — AH)
a (P(VH — X2) + C(AX —CV) 4+ A(CX — AH)
= —dk‘g.
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(C.19)

(C.20)

(C.21)

(C.22)

(C.23)

(C.24)
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If we put these expressions for a, b, and ¢ into the fourth equation, it gives 0d = 0

which is satisfied by any d. Rewriting a and b in terms of d only, not ¢ and d,

_Bs(AX —CV) — (BX — DV)

and the eigenvector is

b= VH - X2
= —de,
L (X kA B
N 1%
= dk?l,
&, | [ kX okass
I k3(AX—CV)—(BX—DV)
—d 2 — —d VH-X?
ks ks
~1 ~1

P(VH-X?2)+C(AX—CV)+A(CX—AH) " VH-X? VH—X2

Y(VH-X?)+D(AX-CV)+B(CX-AH) A , B
T P(VH-X2)C(AX—CV)+A(CX—AH) 'V +v

Y(VH-X?)+D(AX-CV)+B(CX—AH) AX-CV _ BX-DV
P(VH-X?)+C(AX—-CV)+A(CX—AH) VH-X? VH-X?2

Y(VH-X?)+D(AX-CV)+B(CX—AH)
P(VH-X2)+C(AX—-CV)+A(CX—AH)

—1

[ (Y(VHfXQ)+D(AXfCV)+B(CX7AH) AX—CV BXfDV) X |
v

(C.26)

(C.27)

(C.28)

(C.29)

Choosing d to be the denominator of k3 and scaling the eigenvector by —1 simplifies

the eigenvector to

-

Y(VH-X2)+D(AX-CV)+B(CX-AH) AX-CV _ d(BXfDV)> X |
%

1 VH-X? VH-X?

_ Y(VH-X?)+D(AX—-CV)+B(CX—AH)
1

A dB
V+V

Y(VH-X?)+D(AX-CV)+B(CX-AH) AX-CV _ d(BX-DV)

1 VH-X? VH-X?

Y(VH — X?) + D(AX — CV) + B(CX — AH)

—[P(VH — X2) + C(AX — CV) + A(CX — AH)]
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An expression in the first element of this eigenvector, namely

[Y(VH-X?%)+D(AX—-CV)+B(CX—AH)| (AX—CV)—d(BX—DV)]
VH—X?2 ’

(C.31)

reduces to Y(AX —CV)— P(BX — DV)+ A(BC — AD). Other terms also simplify,

leaving the eigenvector

[ (Y(AX — OV) — P(BX — DV) + A(BC — AD)) |

(BP—AY)(VH-X?)+(BC—AD)(AX—-CV)
+ v

Y(AX — CV) — P(BX — DV) + A(BC — AD)

, (C.32)
Y(VH — X2) + D(AX — CV) + B(CX — AH)
C[P(VH — X2) + C(AX — CV) + A(CX — AH)]
which then simplifies to
| P(BH — DX)+Y(CX — AH) — C(BC — AD) |
Y(AX — CV) — P(BX — DV) + A(BC — AD)
(C.33)

D(AX —CV)+ B(CX — AH) + Y/(VH — X?)

—C(AX — CV) — A(CX — AH) — P(VH — X?)

This was verified numerically. This simplifies when put in terms of the original pa-
rameters. A G,,Gpy, can be factored out of the entire eigenvector; the remaining G,

and/or Gy, can be factored out of each element, leaving

Gon(...)
vath GUU() 5 (034)
ConGrn(...)

| GouGn(-),
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where the factors in parentheses have no G, or Gyp;,. Computer algebra software was

then used to simplify this vector further, resulting in FEigenvector of Cony with A =0

is*

i GpoGmu —GpuGmo i
e
GphGmu—GpuGmn

Crh . (C.36)
_GmU

Gpu

C.2 Forming Constraint Equations from Vj,

For fixed v and unknown m, the constraint is
Vy (m)v = V3 (m)g(m), (C.37)
where we explicitly show that V4 is formed from the unknown m (through C').

C.2.1 First Six Constraint Equations

Having found the eigenvectors that form V5 in section C.1, we can now

write the first two equations of (C.37) as

GGy + GuGprvnc — GouGrnvp o =
GrnGpGu(Te + Th) + GooGpnGrpn(Te + T5)
—GouGnlGoo(Te + T1) + Gon(Te + T3)],  (C.38)
GrhGmoVo,c + GoGmnne — GouGrntm,c =
GrnGmnGo(To +T1) + GouGrnGrn(Te + 1)
—GoGn[Gro(Te +Th) + Gun(Te + Tp)]. (C.39)

4Note that when appropriately scaled, this is approximately (i.e., within about 10% of being)

-1

-1
BE
1

Gy (C.35)
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The right sides cancel themselves out, leaving

thGpvvv,C + G’UUGphvh,C - G’UUthvp,C = 07 (040)
thvavv,C + vaGmhvh,C - vathUm,C = 07 (C41)
or simply
thGvav,C’ + Gv’quhUh,C - vathvp,Ca (C42)
thvavv,C + vaGmhvh,C = vathUm,C- (043)

For the next two constraint equations, corresponding to eigenvectors of C'y, the pro-

cedure is very similar, leading to the constraint equations

thGvav,H + vaGphUh,H = vathUp,Ha (C44)

thvavv,H + CYY'Umahvh,H = vathUm,H- (045)
Using the eigenvectors of Cop, the fifth and sixth equations of (C.37) become

GrnGpovo.cr + GuGpnncr — GuGrnpcr =

GrnGpGu(Te + Th) + GuGprGrpn(Th + 13)
—GoGun|Gpo(Te + 1) + Gpu(Th + T3], (C.46)

GrhGmoVo.cr + GuGrnthcar — GoGrnUmcon =

GrnGmoGoo(To +T1) + GoGrnGrn (T + T3)
—G oG |Gro(Te + T1) + G (T + T3)), (C.47)

whose right sides still cancel themselves out. Therefore our first six constraint equa-

tions, in six unknowns, are (ordered differently for future convenience)

GrnGpoVyo.c + GoGprtne = GuGratp,c, (C.48)
GrnGpUo i + GuGprvng = GuGraVp m, (C.49)
GrnGpvv.cr + GuGpnner = GuGrntpcw, (C.50)
GrnGmoVo,c + GuGmptne = GuGravm,c, (C.51)
GGV, i + GooGrmnng = GooGhiVm,m, (C.52)
GrnGmpUv.cr + GouGmptncar = GuGraUm,cH. (C.53)
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Multiplying (C.48) by v, /v, and subtracting (C.49) leaves

Gon(Vn,cVo /v —Vnm) = Gua(Vp.cVum/Vo.c — Vpn)- (C.54)

Similarly, from (C.48) and (C.50) we obtain

Gon(Vncvpcr/vec — Vncr) = Gun(VpcVu.cr/Vvc — Upcm)- (C.55)

Solve (C.55) for Gpp,

th _ Gph (Uh,CUv,CH/Uv,C - Uh,CH), (C.56)
(Up,c%,CH/%,C - Up,CH)

then substitute it into (C.54) to obtain

(vh,CU’U,CH/UU,C - Uh,CH)

(Up,C’Uv,H/Uv,C’ - Up,H)-

(C.57)

G v H [ Vyc — =G
ph(vh,cv ,H/U C Uh,H) ph (UP’C%’CH/U%C — Up,CH)
This last equation cannot be solved for G, — it merely reveals redundancy in the
data and that (C.54) and (C.55) are redundant constraint equations.
Similarly, from (C.51) and (C.52) we obtain

Gon(Oncver/vec —vnp) = Gun(Vm,cVo.n/Vo.c — Vmn) (C.58)

or an expression that is numerically equivalent from (C.51) and (C.53).
A similar procedure produces constraint equations for G, and G,,, in

terms of G,,. In summary we end up with the four constraint equations

(Y v — v (%
G,y = va( p,CUhH — Un,C p7H)7 a
(Vv,cVn,H — U,V 1)

(Um,cvh,H - Uh,cUm,H)
va = va s Gmh ==

v v — (
ph = th( p,CYv,H v,C ILH) 7 (C59)
(Uh,CUv,H - U’U,th,H)
th (Um,CUU,H - UD,CUm,H) : (CGO)

(Uh,CUv,H - Uv,th,H)

(Uv,cvh,H - Uh,CUv,H>
or two alternative (but numerically equivalent) sets obtained by finding, for example,
the equation relating G, and Gy, from (C.48) and (C.50) or from (C.49) and (C.50).
So of (C.48) through (C.50), any one is completely redundant and the same for (C.51)
through (C.53). Hence, rather than six equations in six unknowns we only have four

equations in six unknowns.
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C.2.2 Last Constraint Equation

Using the last eigenvector with A = 0, as derived in section C.1, the final

equation from (C.37) becomes

G1pfuC¥mU - C¥pUG7n,v GthmU - GpUGmh G G
Uy,CN + Un,cN — GmuUp,eN + GpuUm,cn
va th

_ Gvam”G_ GG (1) + GthmUG_ S Gt ()
. hh
—Gotr(Gpo (I) + G (J) + GorTon) + Gprr (G (1) + G (J) + G Ton).

(C.61)

The entire right side cancels itself out. Then multiplying both sides by G, Gpn,

(GvamU - GpUva)thUv,CN + (GthmU - GpUGmh)vavh,CN

—GnuGuGrrvp.on + GpuGoGrivm,on = 0. (C.62)

Solving this for G,,.u,

vathvv,CN + Gthvvvh,CN - vathvm,CN
GpUthUU,CN + Gthvah7CN - vathUp,CN

Gy = Gy - (C.63)
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Appendix D

Constraints on Hardware Parameters

This appendix contains derivations of equations constraining the hardware
parameters defined and used in Chapter 4. The first section is concerned with a
hybrid coupler scattering parameter, s. The second section is concerned with detector

sensitivities.

D.1 Derivation of Equation for s, (4.34)

By replacing the G, in (4.21)—(4.23) with their definitions in terms of
radiometer hardware parameters, the constraint equations become (after canceling

out common factors on both sides and simplifying the last equation)

Up,cVh,H — Unh,0Up,H

a_ )
P T O oy ovnn — tnoven)’ (1)
ep(1 — 52> (Up,CU’U,H Vy,0Vp,H) ’ (D.2)
(Uh CUy,H — Uy,cVh H)
(1- 32) _ (Um CUh,H — Un,CUm H)’ (D.3)
(Uv,cvh,H - Uh,CUu,H)
2 (Um,cVo.H = Vo.CVm, 1)
e = (Vn,cVvr — Vy.cURH) ’ (D-4)
CoCh(CpUm,cN + CmUp.oN) = CpCm(CUn.on + ChUy.oN), (D.5)

which are five equations in five unknowns. The hardware parameters that cancel

out, G1, GGo, and «,, are unconstrained, as are 77 and T5. It is convenient to define
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abbreviations for various combinations of voltages:

A = Up,cVh,H — Un,cVp,H, (DG)
B = Up,cVy,H — Vy,cVUp,H, (D?)
C = UncUnu — VhcVUmHs (D.8)
D = Um,cVUv,H — Up,0Um,H, (Dg)
FE = Uy, cVn,H — Uh,cVy,H- (DlO)
Using these abbreviations, (D.1) through (D.5) can be rewritten as
A
Cp = CUE—SZ, (Dll)
B
= D.12
Cp Ch—E(l —82>, ( )
C
m v y D.13
‘ “Bl1_ ) (D-13)
D
= e D.14
c Ch _Es2 ( )
CoCh(CpUm,ON + CmUpoN) = CpCm(CoUhoN + ChUsON ). (D.15)

Equations (D.11) and (D.14) are already solved for ¢, and ¢,,. Using these to substi-

tute for ¢, and ¢, in the remaining three constraints yields

A B
Cv? = Chﬂ’ (D16)
D C
Ch—_SQ == Cvm, (Dl?)
AD
CUAU,,%CN — ChDUp,CN —W(vamcj\/ + Chvv,C’N)- (D18)

Solving the second of these for ¢, and substituting this into the remaining two con-

straints yields

AD(1 - s*)? = BCs, (D.19)
C's? AD C's?
Avp.on + mvp,mv = —E(Uh,czv - m%,cw)- (D.20)

The fact that ¢, cancels out of both of these indicates that ¢, is unconstrained, like

G1, G, ae, T1, and Ty. (If we had solved the equations differently, any one of the ¢,
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could be the unconstrained one.) Both of the above equations can be rearranged as

quadratic equations in s2, namely
(AD — BO)s* — 2ADs*> + AD = 0, (D.21)

(AEUm,CN — CEUpycN)SZL + (—AEvm,CN -+ AD’U}%CN + 1461’0070]\[)52 — ADUh’CN =0.

(D.22)
The first is solved using the quadratic formula; its positive solution is
AD+vADBC
s = i : (D.23)

AD — BC

The second is also solved using the quadratic formula; its positive solution turns out
to be the same!. Therefore the last two constraint equations are redundant of one

another. From (D.23) we then obtain (4.34).

D.2 Derivation of Equations Relating ¢, ¢,, and ¢, to ¢,, (4.35) through
(4.37)

Combining (D.13) and (D.14) to solve for ¢y, in terms of ¢, yields

Cs?

i (D.25)

Cp = —Cy

Joining this with (D.11) and (D.13) gives ¢y, ¢p, and ¢, in terms of ¢,:

C's?
= —Ch—< D.2
A
Cp = CUE—S2, (D27)
C
Cm == Cvm. (D28)

Substituting for s? using (D.23) yields (4.35) through (4.37).

'We have shown this numerically. These solutions are also numerically the same as the solution
to an equation derived by another route, namely

(AEUm’CN — CEUP,CN)S4 + (—QAEUm’CN + CEUP,CN + BC’U}L,CN + ACUU’CN)S2
+AE’UmycN — AC’UU’CN =0. (D.24)
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Appendix E

Description of Chapter 5 Datasets

This appendix describes datasets used within Chapter 5. These are air
temperature datasets, a dataset of satellite microwave brightness temperatures, and

a combined dataset.

E.1 Air Temperature Data and Station Geography

The air temperature data 71" used in this work are available at dss.ucar.edu,
within Dataset 464.0. Our 2007-2008 data is from a more frequently updated site,
http://www.antarctica.ac.uk/met/metlog/cui.html.

The first three locations used in this work are all inland on the Antarctic
continent in order to avoid the complications of sea emission contamination and melt
events. The latter two are at the coast, but experience only a few days each year of
temperature above freezing. No other stations have been found that meet the criteria
of little or no melting and at least three years of good data records in the period June
2002 - March 2008 (i.e., overlapping with AMSR-E), with the exception of the South
Pole station (which cannot be used in this study since orbit geometry prevents most
satellites from measuring within disks around the poles). Details are given in Table
E.1. The locations are mapped in Fig. E.1.

Stations 89828 is an automated weather station (AWS) located atop Dome
C, which is an area of maximum elevation in this region that is known for its stability.
Station 89813 is an AWS located 500 km from Dome C, at a lower elevation. Station
89606 is the manned Vostok station and is located 600 km from Dome C. All three

of these sites are on the high East Antarctica plateau, a region of little precipitation.
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I I
1000 1500 2000 2500 3000

Figure E.1: Map showing locations (pink dots) of weather station sites in Antarctica.
Stations labelled with their station number are those that met the necessary criteria
for this study. (The green area is roughly the sea ice extent on 1 Jan 2005 and is
irrelevant to this dissertation).
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Stations 89022 and 89002 are manned and are located near sea level on
permanent ice shelves which float on the ocean. The shelf at station 89022 flows
seaward at a rate of about 700 m per year. The shelf at station 89002 flow seaward
at about 190 m per year, has a thickness of about 200 m, and is almost completely
flat. Precipitation is much greater at these stations than at the plateau stations, with
station 89022 having an annual snow accumulation of about 1.2 m.

We form daily averages from the station temperature data. Data from
stations 89828 and 89813 are required to meet the quality control criteria that at
least 12 measurements be available for a day. We also require that the averaged time
of day (TOD) of the measurements is not abnormal (specifically, we find the average
TOD for the candidate days in a year and then exclude those days on which the
average TOD is not within two hours of the group mean).

For Vostok (89606) data, four measurements are usually taken each day,
at 6 hour intervals. We require that all four be present. For Neumayer (89002)
data, eight measurements are usually taken each day, and we require that all eight
be present. For Halley (89022) data, we require that four measurements be present
and that the average TOD requirement also be met (measurements there have been
collected at least every two hours since March 2005, but less often previous to March

2005).

E.2 Satellite Brightness Temperature Data

The AMSR-E brightness temperature data B ([36], described at
http://nsidc.org/data/docs/daac/ae_12a_tbs.gd.html) can be downloaded from
http://www.nsidc.org/data/data_pool/index.html. We use the center latitude and
longitude, earth azimuth, and dimensions of each measurement footprint to select only
those measurements whose footprint covers the desired ground station latitude and
longitude. We manually excise those few data which are obvious outliers (attributed
to instrument anomalies). We then form daily averages from these data, with the

quality control criteria that the averaged earth azimuth angle for a day is not abnormal
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(specifically, we find the average angle for all the candidate days and then exclude
those days on which the average angle is not within three STD of the group mean).

AMSR-E makes both v-pol and h-pol measurements at frequencies from 7
to 89 GHz. We have chosen to use 37 GHz v-pol measurements because they correlate
most highly with surface air temperature. This fact is illustrated for two frequencies
in [29] and confirmed by us for AMSR-E 7, 19, 22, and 37 GHz channels. The cause
of this higher correlation is probably that 37 GHz measures the upper snow and ice
better than lower frequencies (i.e., it has a more shallow skin depth) [29] but is not
as strongly affected by atmospheric phenomena as 89 GHz radiation.

To prevent the measurements used in this study from including open water
or sea ice, we use satellite data covering points located somewhat inland of the two
coastal stations. The elliptical footprint of AMSR-E at 37 GHz has dimensions of
14 km by 8 km. Halley station is about 12 km from the ice shelf edge, so we gather
satellite measurements centered around a point 0.05 deg (5.5 km) south of the station.
Neumayer station is about 13 km south of one ice shelf edge and 4 km west of the
other edge, so we gather satellite measurements centered around a point 0.04 deg (4.4

km) south and 0.27 deg (10 km) west of the station.

E.3 Concurrent Data Records

The three years of concurrent 7" and B records at each site which are used
in this work have dates as specified in Table E.1. The number of missing days in each
record, usually due to the failure of the T record to meet the quality criteria given
above, are also listed. The dates were chosen to minimize the total number of missing

days at each station.
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Table E.1: Information on the stations and data years used in this work. WMO is
the acronym for World Meteorological Organization.

Station name | Dome C II | GC41,Radok | Vostok Halley Bay | Neumayer
WMO +# 89828 89813 89606 89022 89002
Elevation (m) 3250 2761 3488 39 50
Latitude 74.5° S 71.6° S 78.45° S 75.5° S 70.65° S
Longitude 123° E 111.25° E 106.87° E | 26.65° W 8.25° W
Year 1 start 90c¢t2002 300c¢t2002 | 3Dec2002- | 25Feb2005 | 20Sep2002
13Feb2003
Year 1 end 80ct2003 290c¢t2003 | 14Feb2004 | 24Feb2006 | 19Sep2003
-1Dec2004
#missed days 12 3 6 24 22
Year 2 start 3Dec2003 6Nov2003 225ep2005 | 25Feb2006 | 17Nov2003
Year 2 end 1Dec2004 4Nov2004 21Sep2006 | 24Feb2007 | 15Nov2004
#missed days 16 7 20 32 23
Year 3 start 15Dec2004 | 6Nov2004 | 29Mar2007 | 25Feb2007 | 18Feb2005
Year 3 end 14Dec2005 | 5Nov2005 | 27Mar2008 | 24Feb2008 | 17Feb2006
#missed days 10 6 44 27 11
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