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Generalized Frequency Scaling and Backprojection
for LFM-CW SAR Processing
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Abstract—This paper presents a generalized treatment of im-
age formation for a linear-frequency-modulated continuous wave
(LFM-CW) synthetic aperture radar (SAR) signal, which is a key
technology in making very small SAR systems viable. The signal
model is derived, which includes the continuous platform motion.
The effect of this motion on the SAR signal is discussed, and an
efficient compensation method is developed. Processing algorithms
are developed including precise and approximate backprojection
methods and a generalized frequency scaling algorithm that ac-
counts for an arbitrary number of terms of a Taylor expansion ap-
proximation of the SAR signal in the Doppler frequency domain.
Together, these algorithms allow for the processing of LFM-CW
SAR data for a wide variety of system parameters, even in sce-
narios where traditional algorithms and signal approximations
break down.

Index Terms—Radar imaging, synthetic aperture radar (SAR).

I. INTRODUCTION

V ERY small synthetic aperture radar (SAR) systems are
made possible by using a linear-frequency-modulated

continuous wave (LFM-CW) signal that can achieve a good
signal-to-noise ratio with lower peak transmit power. Com-
bined with an analog dechirp, these systems can be made
with hardware that is simpler and cheaper and consumes less
power than traditional SAR systems. This enables the use of
low-cost SARs on small unmanned aircraft systems, which
opens up a whole range of new applications, permitting SAR
imagery to be collected in harsh climates or in environments too
dangerous for manned aircraft or expensive SAR systems. The
potential of this new technology has been shown in a variety of
demonstration systems [1]–[9].

Along with new possibilities come new challenges. The fact
that a CW signal is both continuously transmitting and receiv-
ing means that processing must take into account the continuous
motion of the platform. CW operation requires a separate
transmit and receive antenna to separate the signals on the
transmit and receive signal paths; also, the direct feedthrough
from the transmit to the receive antenna must be controlled.
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Several SAR processing algorithms have been adapted for
LFM-CW SAR; the literature primarily focuses on the range-
Doppler algorithm (RDA) [10], the frequency scaling algorithm
(FSA) [11]–[16], and the Omega-K algorithm [17]. For time-
domain backprojection, the added complication of dealing with
the continuous motion due to the use of a CW signal has only
recently been addressed [18], [19]. Moreover, similar to most
traditional SAR processing, previously published algorithms
make assumptions and approximations (such as a Taylor series
expansion in the dechirped-Doppler domain) that lose validity,
resulting in phase errors and defocused imagery, when used
with extreme SAR parameters.

This paper contains a general treatment of the LFM-CW
SAR signal and develops new SAR processing algorithms
appropriate for processing CW data, taking care to examine
approximations made along the way. We analyze the effects
of the continuous platform motion, for linear and nonlinear
flight paths, and develop a general correction for the effects.
An overview of LFM-CW SAR is provided in Section II
with a discussion of the LFM-CW SAR signal. In developing
the processing methods, we first discuss high-precision algo-
rithms and then explore the approximations used in developing
more computationally efficient algorithms. Section III exam-
ines backprojection for LFM-CW SAR and develops an algo-
rithm kernel for handling the continuous motion, both precisely
and approximately. In Section IV, we develop a generalized
frequency-domain processing method. We first take a look at
the RDA and the FSA, showing the signal derivation and the
algorithms’ dependence on a Taylor expansion, which approx-
imates the signal in the dechirped-Doppler domain (which is
similar to the wavenumber domain in traditional pulsed SAR).
For certain SAR system parameters, such as low frequencies,
large beamwidths, and high squint, neglecting the higher order
terms of the Taylor expansion causes defocusing. To address
this, an efficient generalized FSA (GFSA) is developed that
processes the data using an arbitrary number of terms of the
expansion.

II. LFM-CW SAR SIGNAL

An LFM-CW radar continuously transmits a frequency-
modulated signal. This signal is a linear-frequency ramp or
chirp. In SAR, the radar is carried on a platform, and the radar
illuminates the target area. Part of the signal is scattered back
to the radar where the receive antenna continuously collects the
reflected signal that can then be digitized and processed to form
the SAR image.
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LFM-CW SAR often uses an analog dechirp to reduce the
sample rate required to digitize the signal. A general expression
for the dechirped signal, i.e., sdc, is

sdc(t, η) = e[j(2πkrt(τ−d)+2πf0(τ−d)−πkr(τ
2−d2))] (1)

where τ is the two-way travel time to a target (which is a
function of η), and d is the dechirp delay. The derivation of
(1) follows, including a discussion of how τ is approximated
for use in SAR processing algorithms.

A. Derivation of the Dechirped Signal

The frequency of the LFM-CW signal increases from a
starting frequency f0 and spans the bandwidth BW , at the chirp
rate kr = BW · PRF . This cycle is repeated at the PRF, giving
a PRI equal to the pulse length, i.e., Tp. The transmitted up-
chirp signal can be expressed in the time domain, where t is
fast time, and η is slow time, as

st(t, η) = exp
[
j(φ+ 2πf0t+ πkrt

2)
]

(2)

where φ is the initial phase. A down-chirp signal is similar, with
f0d = f0 +BW being the starting frequency and −kr being
the chirp rate.

At time t, the radar is also receiving the reflected signal
transmitted at time t− τ , where τ is the two-way time-of-flight
to a target. τ is calculated using the range-to-target, which is
different from time t and time t− τ due to the constant motion
of the aircraft. With τ constantly changing, it can be unclear
what value of τ should be used in the processing algorithms.
The traditional SAR algorithms, using the stop-and-go approx-
imation, use a signal model where the platform is stationary for
transmitting and receiving each pulse. This way, τ is a function
of the slow-time variable η, which has discrete values for the
slow time of each radar pulse. In reality, the platform moves
during the pulse, and the range-to-target changes during the
pulse. This continuous motion can be modeled by allowing τ to
vary in fast time, as a function of t, as well as the discrete slow-
time steps in η. The constant motion also means that the signal
travels a different distance to and from the target; however,
for most airborne applications, this difference can be neglected
while still modeling the change in range over the length of the
pulse. Unless the platform velocity and range-to-target are very
large, the expression for τ can be simplified to τ ≈ 2R(t, η)/c0,
where R(t, η) =

√
R2

0 + v2(t+ η)2, and R0 is the range of
closest approach to the target. This gives us an expression for τ
that includes the continuous motion of the platform and, thus, a
continuous change in range-to-target. A method of making the
precise calculation for τ is shown in Appendix A.

Going forward with the approximation τ ≈ 2R(t, η)/c0,
the received signal from a target at range R(t, η), with time
delay τ is

sr(t, η) ≈ exp
[
j
(
φ+ 2πf0(t− τ) + πkr(t− τ)2

)]
. (3)

The transmit signal is mixed with the received signal and low-
pass filtered in hardware, which is mathematically equivalent to

multiplying (2) by the complex conjugate of (3). This results in
the dechirped signal sdc0

sdc0(t, η) = exp
[
j(2πf0τ + 2πkrtτ − πkrτ

2)
]
. (4)

This is the signal for LFM-CW SAR systems with a direct
dechirp [1], [2], [5], [9]. The available swath width is often
limited when using a direct dechirp because a large portion of
the sampling bandwidth is used to record data that correspond
to the empty space between the SAR and the ground. A system
with a delayed dechirp [25] can ignore data from ranges nearer
than a minimum range determined by the duration of the delay.
By doing this, the radar more efficiently utilizes the radar’s
resources, providing a wider ground swath.

Alternatively, the return signal is mixed with a copy of the
transmit signal delayed by d

std(t, η) = exp
[
j
(
φ+ 2πf0(t− d) + πkr(t− d)2

)]
. (5)

The dechirped signal can then be expressed by multiplying (5)
by the complex conjugate of (3), resulting in (1).

In the dechirped signal, each frequency directly correlates
to a given range, i.e., fr = 2Rkr/c0. The sampling rate of
an LFM-CW SAR can be much less than a traditional SAR
by limiting the range. For a direct dechirp (no delay, d = 0),
the sampling bandwidth directly corresponds to the maximum
range that can be imaged, i.e.,

fs =
2Rmaxkr

c0
. (6)

For a delayed dechirp, this maximum range is shifted by the
delay, i.e.,

fs =
2Rmaxkr

c0
− d · kr =

2Rmaxkr
c0

− 2Rminkr
c0

. (7)

A small LFM-CW SAR may be limited to a small sampling
bandwidth due to hardware constraints driven by the need to
reduce the size, weight, and power consumption. This can
severely limit the imaging swath width. A delayed dechirp
shifts more ranges into the sampling bandwidth, allowing for
a wider swath. The delay is set to the nearest range desired in
the image—the frequencies increase with range from that point.
This way, none of the sampling bandwidth is wasted on any
range nearer the platform than this minimum range.

To remove returns from targets outside the desired swath,
LFM-CW SAR systems usually employ a bandpass filter with
high out-of-band rejection [5], [9], [25]. For targets at ranges
farther than the maximum range with a corresponding fre-
quency higher than the sampling rate, aliasing can occur, plac-
ing the target return within the swath. It is important that the
bandpass filter attenuates such signals to avoid ambiguities. For
a delayed dechirp, there can be targets nearer the radar than
the minimum range. The frequencies from such targets can fold
over into the sampling band when the signal is dechirped to
baseband. One solution is to dechirp the signal to an intermedi-
ate frequency, apply the bandpass filter, then mix to baseband
[25] to avoid near-range ambiguities.
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B. Derivation of the Range-Compressed Signal

Range compression of the dechirped signal consists of a
Fourier transform in fast time. Calculating an expression for the
range-compressed signal is simplified by assuming no motion
during the chirp. This incorrect assumption is a good starting
point for deriving a more accurate expression. It is equivalent
to assuming that R is not a function of t. With τ = 2R/c0,
the range Fourier transform of (1) is calculated with the inte-
gral, i.e.,

SR =

2R
c0

+Tp∫
2R
c0

sdc(t, η) exp[−j2πfrt] dt

≈
1
2j

(
−e[jπTp(fr+krd−krτ)] + e[−jπTp(fr+krd−krτ)]

)
π(fr + krd− krτ)

· exp[jπΦrc]

π(fr + krd− krτ)

≈Tp sinc[Tp(fr + krd− krτ)] exp[jπΦrc] (8)

where

Φrc = krTp(τ − d)− frTp +
4krR(τ − d)

c0

+ 2f0(τ − d)− kr(τ
2 − d2)− 4frR

c0
. (9)

When there is no dechirp delay, i.e., d = 0, this simplifies to

S ≈ Tp sinc

[
Tp

(
fr −

2krR

c0

)]

· exp
[
jπ

(
2krRTp

c0
−frTp+

4krR
2

c20
+
4f0R

c0
− 4frR

c0

)]
.

(10)

In order to explore what happens when we include the motion
during the chirp, we assume a linear platform motion model,
calculate the two-way time-of-flight to a target, and approxi-
mate the change in range as linear during a single chirp; thus

τ(t, η) =
2
√
R2

0 + v2(η + t)2

c0

≈ 2R(0, η)

c0
+

2v2ηt

R(0, η)c0
(11)

where R(0, η) =
√
R2

0 + v2η2, and R0 is the range of closest
approach.

Substituting the approximation in (11) for τ in (1) and (4)
and rearranging the terms yield

sdcm(t, η) = sdc(t, η) exp[jΦm] (12)
sdcm0(t, η) = sdc0(t, η) exp[jΦm] (13)

where

Φm =

(
−4v4η2πkr

R2c20
+

4v2ηπkr
Rc0

)
t2

+

(
−8v2ηπkr

c20
+

4v2ηπf0
Rc0

)
t. (14)

Fig. 1. SAR data of a single point target are simulated and range compressed.
This figure shows cuts of this range-compressed data at the edge of the azimuth
beam, i.e., on the far-left edge in Fig. 2. The asterisk shows where the target
peak should be, which is the range to the target at the time of the chirp shown
in the figures. The effects of the continuous motion are clearly seen in the
magenta line, where the peak is shifted and is wider. The results from having
no motion during the chirp and from applying a correction to the continuous-
motion-shifted data are nearly identical (the blue and the red lines lay almost
entirely on top of one another).

The effects of continuous motion on the signal phase can be
seen by inspecting (14). As the range-to-target changes during
a chirp, a change in frequency is introduced. The t2 terms
represent this chirp caused by the platform motion. The Fourier
transform of this chirp is rect-like, and when convolved with (8)
results in a spreading of the impulse response, as demonstrated
in Fig. 1.

The motion also induces an effect on the carrier frequency,
visible in the t terms. Additional insight can be gained by
noticing that the final term is the Doppler frequency. Using the
geometry in Fig. 3, the Doppler frequency is

2πfd = 2π
2v sin (θs)

λ
= 2π2v

vη

R

f0
c0

. (15)

By inspection, the second t term in (14) is much larger than
all the other terms and is the dominant effect of the platform
motion: a frequency shift equal to the Doppler frequency, which
translates into a range shift in the range-compressed data, as is
visible in Figs. 1 and 2. The terms with c20 in the denominator
are orders of magnitude smaller than the other terms, and for
any airborne or orbital SAR, t will be much less than 1, making
the t2 terms smaller than the t terms.

If we neglect the small terms and rewrite (14) in terms of
fd, we obtain a convenient range-independent expression that
can correct for the effects of continuous motion. This simplified
term is equivalent to the continuous-motion term derived in the
signal model presented in [12]. The phase of this approximate
correction is

Φcor = −2πfdt. (16)

Because the correction is expressed in terms of Doppler fre-
quency, which is a measure of the continuous change in range
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Fig. 2. Range-compressed simulated SAR data for a single point target showing the range shift due to the continuous platform motion. The narrow solid line
(the bottom line on the left side of the image and the top line on the right) represents the actual range-to-target for each azimuth position. The other line is the
range-compressed SAR data, which are clearly shifted in range due to the platform motion.

Fig. 3. SAR imaging geometry, the SAR flies to the right following the arrow.
A target at range R is at a squint angle of θs. The Doppler frequency of the
signal return can be calculated from the angle or the distance to the point of
closest approach (calculated as velocity times time, v · η), according to (15).

to the target, the shift caused by the continuous motion of flight
can be corrected. The correction also shows good results when
applied to data collected with an arbitrary platform path, as
demonstrated in Fig. 5.

The change in range needs to be precisely known to properly
form a well-focused SAR image. The traditional SAR imaging
scenario involves the platform moving in a straight line (or
nearly a straight line with motion corrections [13]) where the
change in range can be expressed as a hyperbolic function.
Many processing algorithms are built around the assumption
of a linear flight path. However, the increasing popularity
of backprojection methods has made processing SAR data
collected from nonlinear flight paths gain more attention in
recent studies [23]. In any case, traditional SAR processing
algorithms assume that the platform is stationary during a pulse;
however, with the continuous transmit and receive of LFM-CW
SAR, the continuous motion of the platform causes noticeable
degradation in image quality if not properly accounted for. In
the following sections, we develop processing algorithms that
account for the continuous platform motion, starting with a gen-
eral backprojection algorithm that handles arbitrary flight paths.

III. LFM-CW BACKPROJECTION

Backprojection normally operates on interpolated range-
compressed data. For dechirped SAR, the range-compressed
signal can be formed from (8) and (12) in Section II-B. The
range-compressed signal can be expressed as a function of
range frequency. Range frequency has a direct relationship to

the distance to the target (the target range) according to fr =
2Rkr/c0. Thus

SR(fr, η) ≈ Ft

{
e[jΦm]

}
∗ Tp sinc

[
Tp

(
fr −

2krR

c0

)]

· e

[
j

(
4πf0R

c0
−πTpfr+

2πTpkrR

c0
− 4πfrR

c0
+ 4πkrR2

c2
0

)]
(17)

where Ft is a Fourier transform in range, ∗ is convolution, and
exp[jΦm] represents the effects of the continuous platform mo-
tion expressed in (14). In this case, the interpolation and range
compression can be performed by means of zero padding and
a range Fourier transform. However, the continuous platform
motion does complicate the issue. If the continuous motion is
not taken into account, then the range shift and widened width
of the range-compressed target response can cause defocusing
in the backprojected image.

It is instructive to start the analysis by examining backprojec-
tion without the continuous motion. The signal is digitized in
discrete pulses, each pulse number, m, corresponding to a cer-
tain value of η. This digitized signal is interpolated to provide
an indexed value for each range required for the processing.
This indexed range, i.e., r[m], is the distance from a given
location in the backprojected image grid to the platform antenna
phase center for chirp number m. The range-compressed signal
interpolated to range r[m] can then be expressed, with fr =
2r[m]kr/c0, as

SRm (r[m]) ≈ Tp sinc

[
Tp

(
fr −

2krr[m]

c0

)]

· e

[
j

(
4πf0r[m]

c0
−πTpfr+

2πTpkrr[m]

c0
− 4πfrr[m]

c0
+

4πkrr[m]2

c2
0

)]
. (18)

Then, for a pixel located at (x0, y0, z0), the traditional SAR
backprojection algorithm can be expressed as

A(x0, y0, z0) =
∑
m

SRm (r[m]) exp [jΦe (r[m])] (19)

where A(x0, y0, z0) is the complex pixel value, r[m] is the
distance to that pixel location, and Φe(r[m]) is the complex
conjugate of the expected phase for range r[m]. Φe(r[m]) is
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Fig. 4. Simulated SAR data for a point target with a linear trajectory, a bandwidth from 1.5 to 2 GHz, and a 65◦ beamwidth with no squint, processed with
the backprojection algorithm in Section III. The leftmost column shows the magnitude of the focused SAR image, the second column shows a contour plot
of the focused image, and the two columns on the right show an azimuth slice and a range slice, respectively, through the center of the target. The first row
shows defocusing and a shift in the target location due to the uncompensated continuous platform motion. In the second row, the continuous motion is efficiently
compensated using the correction of (16), and in the third row, the continuous motion is inefficiently accounted for using the exact backprojection of (21).

found by taking (9), allowing fr = 2r[m]kr/c0 − krd, simpli-
fying and conjugating to obtain

Φe (r[m])=
4πkrr[m]2

c20
− 4πf0r[m]

c0
−πkrd

2+2πf0d. (20)

The advantages of backprojection include the simplicity of
the algorithm, the parallel computation structure, the ability to
process data from an arbitrary platform path, and the ability
to project the data onto a 3-D grid. A disadvantage is that the
algorithm is very computationally taxing, although exploiting
the parallel nature of the algorithm and the parallel processing
capabilities of modern general-purpose graphic processor units
can greatly improve the processing time. (The authors have
reported a 300× speedup in backprojection processing between
using the main CPU on a standard PC with backprojection
programmed in C and using an NVIDIA C1060 Tesla card [24]
on the same PC.) The motion of the platform must be precisely
known in order to get good results from backprojection. These
advantages and disadvantages, as well as the relevant opera-
tional considerations for backprojection, are well known to the
SAR processing community.

In using backprojection to process LFM-CW SAR data, it
is important to account for the spreading and shifting effects
visible in the range-compressed data due to the continuous
platform motion [19]. There are several of ways to do this. The
first is to use the raw data directly, without range compression

(referred to as time-domain correlation in [18]). This method is
of very limited practical relevance and is included here for com-
pleteness. The platform position for each sample of raw data is
used. In this case, the backprojection operation expands to

A2(x0, y0, z0) =
∑
ti

∑
m

sdc[ti,m] exp [j (Φe2[ti,m])] (21)

where Φe2 is the conjugate of the phase in (1) or (4), and the
τ [ti,m] buried inside sdc and Φe2 is the continuously changing
two-way time of flight to the point (x0, y0, z0) at the discrete
fast-time sample ti and pulse number m. This is a very exact
method, but is even more computationally taxing than the
conventional backprojection algorithm, and it is unlikely that it
would ever be practically used.

The second (and more efficient) option for accounting for the
continuous motion is to use the correction presented in (16) to
correct for the effects of the continuous motion and then apply
the standard backprojection in (19). Similar results are obtained
in [18] where a modified backprojection algorithm is defined,
which uses a continuous-motion component in the expression
for the range between radar and target pixel. In Fig. 4, simulated
SAR data with a standard linear trajectory is processed with
and without accounting for the continuous platform motion
showing the effects on the image quality. In Fig. 5, the platform
trajectory is circular, showing how the same continuous motion
corrections also work for nonlinear flight paths.
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Fig. 5. Simulated SAR data from a quarter of a circular path, where the target is located near the far edge of the circle, with the same SAR parameters and image
layout as in Fig. 4. The first row neglects continuous motion, the middle row corrects for the motion using (16), and the bottom row is from exact processing in
(21). The description of the columns is the same as in Fig. 4.

IV. GENERALIZED FREQUENCY-DOMAIN PROCESSING

Frequency-domain methods have been developed, such as
the RDA [10] and the FSA [11], which make approximations
that allow for faster processing but result in reduced accuracy
in situations where the approximations lose validity. These
algorithms apply a series of matched filters and scaling terms
or interpolations to compress the data in range and azimuth
and remove the range cell migration. Both of these algorithms
depend upon a Taylor series approximation of the signal in the
dechirped-Doppler domain. Low orders of this approximation
are only valid for a limited set of SAR parameters, which
prevent these algorithms from properly focusing the SAR data
when the radar parameters push beyond the validity of the
approximation.

This section derives an expression for the SAR signal in the
dechirped-Doppler domain. The Taylor expansion of the signal
and the errors it introduces are then discussed. The relationship
between the Taylor approximation and the frequency-domain
processing algorithms is shown. To overcome the limits of these
algorithms, a GFSA that includes an arbitrary number of terms
of the expansion is developed.

A. Derivation of LFM-CW SAR Signal in the
Dechirped-Doppler Domain

In processing, an azimuth Fourier transform of the raw
dechirped data puts the data in the dechirped-Doppler domain.
Analytically computing the azimuth Fourier transform for (1) is

impractical; hence, finding an expression for the signal requires
some algebraic manipulation and an approximation. Using a
method outlined in [20] and [21], we start with the range-
compressed data and make an approximation of the origi-
nal dechirped signal. This approximation allows the azimuth
Fourier transform to be analytically tractable. Starting with
(17), we, for convenience, rewrite the last five exponential terms
as exp j[As +Bs + Cs +Ds + Es].

As in [20] and [21], the inverse Fourier transform is facili-
tated by making a substitution and multiplying (17) by 1, or

e[(−j π
kr

f2
r )] e[j(

π
kr

f2
r )] = e[j(−

π
kr

f2
r+Gs)]. (22)

The substitution is

F = fr −
2krR

c0
(23)

and we note that

−πTpF =−πTpfr+
2πTpkrR

c0
=Bs+Cs (24)

π

kr
F 2=

π

kr
f2
r −

4πfrR

c0
+
4πkrR

2

c20
=Gs+Ds+Es. (25)

We can now rewrite (17) as

SR = Ft

{
e[jΦm]

}
∗ Tp sinc[TpF ] · e

[
j
4πf0R

c0

]
· e[−jπTpF ] e[j

π
kr

F 2]e[−j π
kr

f2
r ]. (26)
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The inverse Fourier integral is also expressed applying the F
substitution, i.e.,

∞∫
−∞

exp[j2πfrt]dfr =

∞∫
−∞

exp

[
j2π

(
F +

2krR

c0

)
t

]
dF

= exp

[
j
4πkrRt

c0

] ∞∫
−∞

exp[j2πFt]dF

(27)

and the inverse Fourier integral for (26) is computed, i.e.,

sdc0 ≈ e[jπkrt
2]

∗

⎧⎨
⎩e[jΦm]Tpe

[
j
4πf0R

c0

]
e

[
j 4πkrRt

c0

]

·
∞∫

−∞

sinc[Tp F ] e[−jπTpF ] e[j
π
kr

F 2] e[j2πFt]dF

⎫⎬
⎭

≈ e[jπkrt
2] ∗

{
rect

(
t− Tp

Tp

)
e

[
jΦm+j

4πf0R

c0
+j 4πkrRt

c0

]}
(28)

where the F 2 term is neglected in computing the integral.
Neglecting the F 2 term is a good approximation for a large
time-bandwidth product [20], [21], and allows for computing
the azimuth Fourier transform of the approximated dechirped
signal. The sinc function transforms into a rect function shifted
by the F terms. The term on the left-hand side of the convolu-
tion in the last line of (28) is known as the residual video phase
(RVP) term [20], [21].

The azimuth Fourier transform for the signal can be com-
puted using the principle of stationary phase. We express the
phase of the signal within the curly brackets on the bottom line
of (28) using the same approximation for the continuous motion
as in the motion correction developed in (16). This phase is

φs = 2πfdt+
4πf0R

c0
+

4πkrRt

c0
. (29)

We use the linear-flight-path assumption, substituting R =√
R2

0 + v2η2 into (29) and setting the derivative of φs − 2πfaη
with respect to η equal to zero, where fa is the azimuth
frequency variable, resulting in

4πf0v
2η

c0
√

R2
0 + v2η2

+
4πkrtv

2η

c0
√

R2
0 + v2η2

− 2πfa = 0. (30)

The stationary point is found by solving for η

η =
c0faR0

v
√
−f2

ac
2
0 + 4v2f2

0 + 8v2f0krt+ 4v2k2r t
2
. (31)

Then, the phase of the signal after the azimuth Fourier trans-
form, i.e., ΦSA

, is found by substituting (31) back into φs −
2πfaη. With some algebraic manipulation, the expression for

the phase of the signal in the dechirped-Doppler domain, i.e.,
ΦSA

, simplifies to

ΦSA
≈

(
−πkrf

2
d

f2
0

+
2πkrfd

f0

)
t2 + 2πfdt

+

4π(f0+krt)

√
R2

0 +
c20f

2
aR

2
0

−f2
ac

2
0+4v2f2

0+8v2f0krt+4v2k2
rt

2

c0

− 2πf2
ac0R0

v
√
−f2

ac
2
0 + 4v2f2

0 + 82vf0Krt+ 4v2k2r t
2

≈
(
−πkrf

2
d

f2
0

+
2πkrfd

f0

)
t2 + 2πfdt

+

8π(f0+krt)
2vR0

c0
− 2πfac0R0

v√
−f2

ac
2
0 + 4v2f2

0 + 8v2f0krt+ 4v2k2r t
2

≈
(
−πkrf

2
d

f2
0

+
2πkrfd

f0

)
t2 + 2πfdt

+
4πR0

λ

√(
1 +

krλt

c0

)2

− f2
aλ

2

4v2
. (32)

The Doppler frequency is an equivalent way to express the
azimuth frequency, thus fd = fa, the exponentials that make up
the signal in the dechirped-Doppler domain can be expressed in

SA = exp[jπkrt
2]

∗ e

[
j

[(
−πkrf2

a
f2
0

+ 2πkrfa
f0

)
t2+2πfat

]]

× e

[
j

[
4πR0

λ

√(
1+ krλt

c0

)2
− f2

aλ2

4v2

]]
(33)

which is a very good approximation of the signal, as illustrated
in Fig. 6(a), which reveals only a small variation in the phase
difference, roughly linear in azimuth frequency, between the
actual phase and this approximation over the support band,
indicating a small error due to the approximation. This error
is due to neglecting the F 2 term in (28).

The effects of the continuous platform motion can be re-
moved at this point by multiplying (33) by (16). Once that
is done, algorithms based on a Taylor series expansion of the
dechirp-Doppler domain signal can be derived.

B. Taylor Expansion of the SAR Signal

Typical processing algorithms use a Taylor series approxi-
mation of the square root term in (33) about the point t = 0. To
simplify the analysis, we define a range curvature term, i.e.,

D(fη) =

√
1− f2

aλ
2

4v2
(34)

then substitute it into the square root term in (33) and expand,
i.e.,

Υ(t) =

√(
1 +

krλt

c0

)2

− 1 +D2(fη)

≈Υ(0) +
Υ′(0)

1!
t+

Υ′′(0)

2!
t2 +

Υ′′′(0)

3!
t3 · · ·

≈Y0 + Y1t+
Y2

2!
t2 +

Y3

3!
t3 · · · (35)

where Yi is the ith derivative of Υ(t) evaluated at t = 0.
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Fig. 6. These figures show the phase difference between the azimuth Fourier transform of simulated SAR data for a single point target and analytical
approximations for the signal from (33) and (37). Ideally, the phase difference would be constant over the bandwidth, which results in good focusing, whereas a
rapidly varying phase difference indicates a poor match for the signal, resulting in defocused imagery. The simulated data shown have a bandwidth from 1 to 2 GHz,
a beamwidth of 57◦, and a velocity of 50 m/s. The transmit signal frequency slowly chirps over the bandwidth during the entire sampling interval repeating each
pulse. The support band has a trapezoidal shape because the Doppler bandwidth is smaller for a fixed beamwidth at lower frequencies. Ideally, the phase difference
is constant over the support band; however, each approximation falls short of this ideal. (a) With the approximation from (33), there is little variation in the phase
difference over the support band. This indicates that the approximation is very close to the actual signal phase. When used in an image formation algorithm, the
whole support band constructively contributes in generating a well-focused image, as seen in Fig. 8. (b) A second-order approximation from (37) has a very small
portion of the support band (the upper and middle sections) that has a nearly constant phase difference. When used in an image formation algorithm, only a small
portion of the support band contributes to properly focusing the target, which results in a poorly focused image, as seen in Fig. 8. (c) A third-order approximation
has a larger portion of the support band that is useful for image formation. (d) A sixth-order approximation results in better focusing.

The phase error of this approximation can be expressed as

φError =
4πR0

[
Υ(t)−

√
krλt(2c0+krλt)

c20
+D2(fη)

]
λ

(36)

which is a function of the following four parameters:

1) the range-to-target, R0;
2) the center frequency, f0;
3) the chirp rate times fast time, krt;
4) the azimuth frequency, fη .

The phase error gets larger as the range increases, the center
frequency decreases, the product of the chirp rate times t in-
creases, and/or the azimuth frequency increases. The product of
the chirp rate times fast time grows with increases in bandwidth,
whereas the azimuth frequency increases with wider antenna
beamwidths.

In Fig. 6(b), we see that for a second-order approximation
of the signal [as in (35)], only a small portion of the frequency
support band is usable due to the large phase errors [as calcu-
lated in (36)]. As suggested in Fig. 6(c) and (d), including more
high-order terms in the approximation reduces the phase error,
making more of the support band usable. Other small phase
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Fig. 7. These figures show the phase difference, as in Fig. 6(a). (a) Neglecting the continuous-platform-motion term in the approximation from (33) increases
the phase error. (b) Neglecting the RVP correction with the approximation from (33) also increases the phase error.

Fig. 8. For a single point target, the conjugate of (33) or (37) can be directly used to generate a focused image. Using this method, the effects of different order
approximations of (37) can be seen in the image slices shown here. The cuts correspond to the data from Fig. 6(a), (b), and (d).

errors occur when neglecting the continuous-platform-motion
term, or the RVP term (see Fig. 7). The effect of these larger
phase errors on target focusing can be seen in Fig. 8, where
a single point target is focused using the conjugate of (33) or
(37). It can be seen that, as expected, target focusing is best
when no approximations are used. The use of approximations in
SAR algorithms introduces errors that can significantly reduce
image quality. However, when higher order approximations that
are closer to the ideal are used, the resulting image is better
focused.

The phase of the signal from (33) with the continuous-motion
term removed, expanded with n-order terms, is expressed as

ΦSa
=

4πR0D(fη)

λ
+
4πR0krt

D(fη)c0
+

πt2

Km
+

n∑
i=3

4πR0

λ
Yi

ti

i!
(37)

where

Km =
D3(fη)c

2
0

2R0λk2r (D
2(fη)− 1)

(38)

is a useful substitution for simplifying the math.

C. Development of the Generalized FSA

The RDA and the FSA are based on the previously developed
Taylor expansion. The RDA uses a second-order expansion. In
the algorithm, the zeroth-order term [the first term of (37)] is the
azimuth (Doppler) modulation matched during azimuth com-
pression, range cell migration shows up in the first-order term
[the second term of (37)] and is corrected by way of an interpo-
lation, whereas the second-order term [the third term of (37)]
is compensated in the secondary range compression (SRC).
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TABLE I
NTH-ORDER GFSA PROCESSING FLOW

For low frequencies, high bandwidths, large beamwidths, and
large squints, the second-order expansion is inadequate for
describing the SAR signal. This results in phase errors in the
processing that cause defocusing in the final image. This paper
developes a generalized FSA algorithm that addresses these
errors. There are other frequency-domain algorithms that have
differing methods of addresssing approximation errors, and for
certain imaging scenarios, these algorithms may prove to be
more accurate than the proposed method.

The FSA, as described in [11], [14], and [21], uses a third-
order expansion but only compensates for the second- and third-
order terms (which correspond to the SRC) at a single reference
range. Recognizing the increased importance of the higher or-
der terms for squinted data, the nonlinear FSA from [22], intro-
duces a number of steps that can reduce the range dependence
of the second- and third-order terms, providing better perfor-
mance for SAR scenarios (such as squint mode) that push be-
yond the validity of the traditional approximations. The higher

order methods lack the ability to compensate for continuous
motion and are limited to, at most, the third-order term. The
existing algorithms fall short with SAR parameters that cause
terms higher than n = 3 to play a significant role. By general-
izing on these approaches, the GFSA can account for terms of
any order that may be needed to properly model the SAR data.

A generalized FSA that accounts for an arbitrary number of
terms is beneficial for processing SAR data with a wide variety
of system parameters. For a given set of SAR parameters, an ap-
propriate number of terms can be used to maximize efficiency,
accuracy, and precision in processing. Such an algorithm is now
derived. The algorithm flow is shown in Table I.

The basic idea is to apply corrections for the RVP and
continuous motion, apply an n-order prefilter and an n-order
scaling filter that work together to reduce the range dependence
of the higher order terms, and remove them for a reference
range. The resulting signal is then match filtered and azimuth
compressed to form a focused SAR image.
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The first step is to apply a prefilter, with phase

Hpre =

n∑
i=3

πXit
i (39)

where Xi is solved for at a later point in this derivation and is
carefully chosen to reduce the range dependence of the higher
order terms and to compensate for the higher order terms at a
reference range, i.e., Rf .

A range Fourier transform of the signal is now computed
using the principle of stationary phase. To find the stationary
point, the terms of order higher than two are neglected (the
rapidly varying high-order terms do little to change the station-
ary point), and the derivative of ΦSa

+Hpre − 2πfrt is set to
zero and solved for t, i.e.,

t =
− (2R0kr − frD(fη)c0)Km

D(fη)c0
= −(ft − fr)Km (40)

where ft is the frequency trajectory of a target at range R0 and
is a useful substitution for working through the math, i.e.,

ft =
2R0kr
c0D(fη)

. (41)

The phase of the signal after the range Fourier transform is

ΦS3
=

4πR0D(fη)

λ
− 4πR0kr(ft − fr)Km

D(fη)c0

+ π(ft − fr)
2Km + 2πfr(ft − fr)Km

+
n∑

i=3

(−1)i
(
4πR0Yi

λi!
+ πXi

)
(ft − fr)

iKi
m. (42)

Combining the second term and the fourth term of (42) and
again using the substitution of (41), we have

− 4πR0kr(ft − fr)Km

D(fη)c0
+ 2πfr(ft − fr)Km

=
2π(ft − fr)Km (−2R0kr + frD(fη)c0)

D(fη)c0

= −2π(ft − fr)
2Km (43)

which is combined with the third term of (42) and simplifies to

ΦS3
=

4πR0D(fη)

λ
− π(ft − fr)

2Km

+

n∑
i=3

(−1)i
(
4πR0Yi

λi!
+ πXi

)
(ft − fr)

iKi
m. (44)

A scaling filter consisting of terms of orders from two to n
is now applied to the signal. The coefficients of this scaling
term are derived through a series of substitutions and algebraic
manipulation. They are chosen along with the prefilter terms to
cancel out the range dependence of the higher order terms of
the expansion of the SAR signal. The scaling filter is

Hscale =

n∑
i=2

πqi(fref − fr)
i. (45)

The SAR signal (ΦS3
Hscale) is expanded and algebraically

rearranged with the help of the following substitutions:

ft = fref +Δf (46)
fref = fs −D(fη)Δf. (47)

where

Δf =
2(R0 −Rf )kr

c0D(fη)
(48)

and fs is the scaled target frequency trajectory for a target at
range R0 that has the same shape as the reference frequency
trajectory.

The signal is rearranged to match the form

ΦS3b
=

n∑
i=0

Ci (fs − fr)
i (49)

where

Ci = chi +

n∑
k=i

k!

i!(k − i)!
· (−Km)k (Δf (1−D(fη)))

(k−i)

·
(
4πR0Yk

k!λ
+ πXk

)

+

n∑
k=i

k!

i!(k − i)!
πqk (−ΔfD(fη))

(k−i) (50)

ch0 = −πKmΔf2 (D(fη)− 1)2

ch1 =2πKmΔf (D(fη)− 1)

ch2 = −πKm

chi =0 for i > 2 (51)

where Xi = 0 and Yi = 0 for i < 3, and qi = 0 for i < 2.
The range dependence of each Ci term can be reduced by

appropriately choosing the Xi’s and the qi’s. Determining these
values is aided by expanding each Ci about a reference range
Rf . In (50), each R0 is expanded and expressed in terms of Δf
from (48):

R0 = Rf +R0 −Rf = Rf +
ΔfD(fη)c0

2kr
. (52)

We express Km from (38) in terms of Δf , i.e.,

Km =
−Kf

KsKfΔf − 1
(53)

where

Kf =
D3(fη)c

2
0

2Rfλk2r (D
2(fη)− 1)

(54)

Ks =

(
D2(fη)− 1

)
krλ

c0D2(fη)
. (55)

We Taylor-expand Km in terms of Δf , retaining up to the
second order, i.e.,

Km ≈ Kf +KsK
2
fΔf +K2

sK
3
fΔf2. (56)
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Each Ci, for i > 0, is rearranged to be expressed as a power
series of Δf , for example

C1 = [2πKf (D(fη)− 1)− 2πq2D(fη)]Δf

+Δf2

[
−2πRfY3K

3
f (D(fη)− 1)2

λ
+ 3πq3D

2(fη)

− 3πX3K
3
f (D(fη)− 1)2

+− 2πKsK
2
f (D(fη)− 1)

]
.

When the coefficients of Δf are equal to zero, the range
variations are eliminated. We approach this by setting the linear
and quadratic terms of Δf equal to zero, resulting in 2n− 3
equations and 2n− 3 unknowns, for example

2πKf (D(fη)− 1)− 2πq2D(fη) = 0

−2πRfY3K
3
f (D(fη)− 1)2

λ
+ 3πq3D

2(fη)

− 3πX3K
3
f (D(fη)− 1)2 + 2πKsK

2
f (D(fη)− 1) = 0

2πRfY3K
3
f (D(fη)− 1)

λ
− 3πq3D(fη)

+ 3πX3K
3
f (D(fη)− 1)− πKsK

2
f = 0. (57)

We solve for qi and Xi in Table I.
The linear and quadratic terms of Δf in each Ci for i > 0 be-

come zero, whereas the higher order terms are small and can be
neglected (an approximation that results in some small error).
What remains of the SAR signal phase can be expressed as

ΦS3c
=

4πR0D(fη)

λ
− πKf

D(fη)
(fs − fr)

2 + C0

+

n∑
i=3

π

[
qi + (−Km)iXi +

4RfYi(−Km)i

i!λ

]
(fs − fr)

i.

(58)

An inverse Fourier transform of the signal is taken, which can
be approximated using the principle of stationary phase with the
stationary point found using the first two terms of (58), i.e.,

d

dfr

[
4πR0D(fη)

λ
− πKf (fs − fr)

2

D(fη)
+ 2πfrt

]
= 0

fr =
Kffs + tD(fη)

Kf
. (59)

The signal phase after the inverse Fourier transform can be
expressed as

Φs4 =
4πR0D(fη)

λ
+

πt2D(fη)

Kf
+ 2πtfs + C0

+

n∑
i=3

4π
(

i!
4 qiλ+RfYiK

i
f + i!

4XiK
i
fλ

)
tiDi(fη)

i!λKi
f

. (60)

A phase filter, i.e., Hmf , is now applied, where

Hmf =
4πtRfkr

c0
− 2πtfref − πt2D(fη)

Kf

−
n∑

i=3

4π
(

i!
4 qiλ+RfYiK

i
f + i!

4XiK
i
fλ

)
tiDi(fη)

i!λKi
f

. (61)

The resulting signal phase is

Φs4b =
4πR0D(fη)

λ
+

4πtR0kr
c0

+ C0. (62)

A range Fourier transform compresses the signal in range, i.e.,

2R0
c0

+Tp∫
2R0
c0

s4b exp [−j (2πtfr)] dt

=
−jc0

2π (2R0kr − frc0)

· e

[
j

(
4πR0D(fη)

λ − 4πfrR0
c0

+
8πR2

0
kr

c2
0

+C0−2πfrTp

)]

·
[
exp [j2πfrTp]− exp

[
j
4πR0krTp)

c0

]]

= Tp · sinc
(
πTp (frc0 − 2R0kr)

c0

)

· e

[
j

(
4πR0D(fη)

λ − 4πfrR0
c0

+
8πR2

0
kr

c2
0

+C0−πfrTp+
2πR0krTp

c0

)]
.

(63)

The last two terms in the exponential on the last line of (63) are
zero at the peak of the sinc function and can be ignored.

The final azimuth matched filter is now applied, i.e.,

Haz = −4πR0D(fη)

λ
+

4πfrR0

c0
− 8πR2

0kr
c20

− C0 (64)

and an inverse Fourier transform results in the focused image.
Examples of the results of the new algorithm are illustrated

with a SAR simulation of a point target. In the simulation, the
platform moves in a straight line at 50 m/s, flying past a nearby
point target. Without squint, the antenna is pointed perpendicu-
lar to the flight path. The simulation results are as follows: Fig. 9
shows a comparison of a no-squint simulation processed with
the traditional FSA in [11] and with the proposed generalized
algorithm (the GFSA) with only a second-order approximation.
Fig. 10 shows a point target with a 15◦ squint and the same SAR
parameters as Fig. 9 and processed with the traditional FSA and
the GFSA with orders n = 2 and n = 3. The squint makes it so
that the SAR data can no longer be accurately modeled using
the approximations in the FSA. The GFSA with n = 2 performs
better with the price of a little extra processing burden (20%
more processing time). Including the third-order term further
improves the performance while approximately doubling the
processing time.
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Fig. 9. Simulated SAR data for a point target with a bandwidth from 2.5 to 3 GHz and a 20◦ beamwidth with no squint. The top row shows the results of
processing the data with the FSA, with the target at the reference range for the SRC. The bottom row shows the results of processing the data with the proposed
generalized FSA with n = 2. The description of the columns is the same as in Fig. 4.

Fig. 10. Simulated SAR data for a point target with a bandwidth from 2.5 to 3 GHz and a 20◦ beamwidth with a 15◦ squint. The data are processed with the
FSA in the top row, the GFSA with n = 2 in the middle row, and the GFSA with n = 3 in the bottom row. The description of the columns is the same as in Fig. 4.

If we simulate SAR data at an even larger squint angle
(> 40◦), the traditional FSA does not work. In Fig. 11, we
observe the focus improving as additional terms from the Taylor
expansion are included in the processing.

For a user of the GFSA, the order can be increased to
meet image quality specifications for more demanding SAR
parameters. The limit of utility is reached when the processing
time holds no advantage over backprojection, or the numerical

accuracy of the computer for calculating high-order terms
introduces error [26].

V. CONCLUSION

While the continuous motion of the radar platform creates
some unwelcome issues for processing LFM-CW SAR data, the
problems can be dealt with, allowing for precision processing
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Fig. 11. Simulated SAR data for a point target with a bandwidth from 2.5 to 3 GHz and a 20◦ beamwidth with a 43◦ squint. The top row shows the data
processed using the FSA. The second row shows the results of the generalized FSA with n = 2. The third and fourth rows show the results with n = 3 and n = 4,
respectively. The FSA completely breaks down while the algorithm proposed in this paper shows results improving with each additional order included in the
processing. The description of the columns is the same as in Fig. 4.

in a variety of applications. The failings of approximations
made in deriving traditional SAR processing algorithms can
be overcome by taking a general approach to the LFM-CW
SAR signal. This paper has demonstrated a robust continuous
motion correction for arbitrary flight paths, both precise and
approximate LFM-CW SAR backprojection algorithms, and a
generalized FSA allowing for an arbitrary number of terms
from a Taylor series expansion. These algorithms extend the
utility of LFM-CW SAR systems, allowing operation with a
wider variety of system parameters and in nearly any imaging
scenario.

APPENDIX A
CALCULATION OF THE TWO-WAY

TIME-OF-TRAVEL TO A TARGET

Using the slant range geometry shown in Fig. 12, we assign
X1 to the location of the radar at time η + t and X2 to the
location at η + t− τ , where η is slow time. The calculation
of τ is complicated by the motion of the aircraft but can be
approximated.

Fig. 12. SAR imaging geometry, the platform flies in a line following the
arrow. The radar echo received at point X1 was transmitted toward the target at
point X2. The total time-of-flight for the signal can be calculated using (69).

In order to precisely determine τ , we define a point xh

approximately halfway between X1 and X2, i.e.,

Xh = X2 +
R2

c0
v = X1 −

R1

c0
v (65)
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where R1 and R2 are the distances to the target from points X1

and X2, respectively, defined as

R1 =
√

R2
0 +X2

1 (66)

R2 =
√

R2
0 +X2

2 . (67)

We also know that X1 = (η + t)v, from which we know R1.
That leaves us with unknowns X2 and R2, which we solve for

X2=
−v3R1

c0 (c20−v2)
+

v2X1

c20 − v2
+X1−

R1v

c0

− v
√

−v2R2
0c

2
0+c40R

2
0−2c30X1R1v+c20R

2
1v

2+c40X
2
1

c0 (c20 − v2)
. (68)

We now have all the pieces to calculate τ , i.e.,

τ =
R1 +R2

c0
(69)

which can be used in (1) or (4).
A very close approximation is to assume that the ranges R1

and R2 are the same (for spaceborne SAR, they can differ
by as much as several meters, but for airborne applications,
they only differ by, at most, a few millimeters, and much
less than that for low-altitude operation); thus, the expression
for τ can be simplified to τ = 2R(t, η)/c0, where R(t, η) =√
R2

0 + v2(t+ η)2, and R0 is the range of closest approach to
the target.
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